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T h i s  r e p o r t  i s  t h e  f i n a l  r e p o r t  on Con t rac t  NAS2-5069. The  report  
d e s c r i b e s  a n  i n v e s t i g a t i o n  o f  t h e  e f f e c t  o f  a t m o s p h e r i c  c h a n g e s  a n d  e r r o r s  
i n  t h e  measurements used t o  d e t e r m i n e  t h e s e  c h a n g e s  o n  t h e  v e r t i c a l  f l i g h t  
performance  of  an SST. I n c l u d e d   i n   t h e   r e p o r t   a r e   d e s c r i p t i o n s  of t h e  
models   (engine ,   ins t ruments ,   ae rodynamics ,   a tmosphere)   and   the   op t imal  
c o n t r o l  t h e o r y  ( d e t e r m i n i s t i c  and s t o c h a s t i c )  n e e d e d  t o  d e t e r m i n e  o p t i m a l  
SST t r a j e c t o r i e s  and t h e i r  s e n s i t i v i t y  t o  a t m o s p h e r i c  v a r i a t i o n s  and  meas- 
u remen t   e r ro r s .   Desc r ip t ions   a r e   a l so   g iven   o f   compute r   p rog rams   fo r  SST 
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INTRODUCTION 
T h i s  r e p o r t  is t h e  f i n a l  r e p o r t  o n  NASA C o n t r a c t  N A S 2 - 5 0 6 9 ,  "Infor- 
mat ion   Requi rements   for   Supersonic   Transpor t   Opera t ion . ' '   The   purpose  
o f   t h i s   i n t r o d u c t o r y   s e c t i o n  is twofold:  t o  s u m m a r i z e   t h e   r e s u l t s   o f  
t h e  s t u d y  a n d  t o  a c t  a s  a g u i d e  t o  t h e  r e m a i n d e r  o f  t h e  r e p o r t ,  w h i c h  
d e s c r i b e s  t h e  r e s u l t s  i n  f u l l  d e t a i l .  
A .  Background 
T h i s   p r o j e c t   f o l l o w s  two p r e v i o u s   c o n t r a c t s :  N A S 2 - 2 4 5 7  (Informa- 
t ion Requirements  for  Guidance and Control  Systems'")  and N A S 2 - 3 4 7 6  
(Design of Guidance and Control Systems for Optimum U t i l i z a t i o n  of 
In fo rma t ion" ) .  The   goa l   o f   t h i s   p ro j ec t  was t o  app ly   t he   t heo ry  de- 
v e l o p e d  i n  t h o s e  c o n t r a c t s  t o  t h e  p r a c t i c a l  p r o b l e m  o f  f l y i n g  a n  SST. 
I n  p a r t i c u l a r ,  i t  is w e l l  known t h a t  t h e  p e r f o r m a n c e  of a n  SST (or  any 
o t h e r   a i r p l a n e )  is highly  dependent  upon  atmospheric  conditions.   Thus 
t h e  g o a l  o f  t h e  p r o j e c t  was to  de te rmine  what  a tmospher ic  parameters  
should be measured and how w e l l  to  ensure  opt imal  behavior  under  vary-  
i ng  wea the r  cond i t ions .  
One o f  t h e  p r i n c i p a l  i n v e s t i g a t o r s  o n  N A S 2 - 2 4 5 7  and N A S 2 - 3 4 7 6 ,  John 
Peschon, l e f t  SRI t o  j o i n  Wolf Management S e r v i c e s ,  p r i o r  t o  t h e  s t a r t  
of N A S 2 - 5 0 6 9 .  P o r t i o n s  of t h e  r e s e a r c h  c a r r i e d  o u t  u n d e r  t h i s  c o n t r a c t  
and d e s c r i b e d  i n  t h i s  r e p o r t  were c a r r i e d  o u t  by  him and  o the r  members 
36 
References are l i s t e d  a t  t h e  end  of t h i s  r e p o r t .  
7 
I 
o f  Wolf  Management Se rv ices   unde r  a s u b c o n t r a c t .  Where n o t   i n d i c a t e d  
o t h e r w i s e ,  t h e  t a s k s  were c a r r i e d  o u t  by L e w i s  Meier of SRI.  
The philosophy developed i n  t h e  p r e v i o u s  c o n t r a c t s  a n d  a p p l i e d  i n  
t h e   p r e s e n t   p r o j e c t  was as f o l l o w s :   F i r s t ,   t h e   p r o b l e m  is  formulated 
a s  a s t o c h a s t i c   c o n t r o l   p r o b l e m .   T h i s   t a s k   i n v o l v e s   s e l e c t i n g  a s u i t a b l e  
se t  o f  v a r i a b l e s  ( r e f e r r e d  t o  as t h e  s t a t e )  t h a t  d e s c r i b e  t h e  s y s t e m  t o  
b e  c o n t r o l l e d ,  a d i f f e r e n t i a l  e q u a t i o n  r e l a t i n g  t h e  b e h a v i o r  o f  s t a t e  
t o  t h e  i n p u t s  o f  t h e  s y s t e m ,  an  a lgeb ra i c  equa t ion  r e l a t ing  the  measu re -  
ments made o n  t h e  s y s t e m  t o  t h e  s t a t e ,  and a performance index to  meas- 
u r e  the   per formance  of t h e  s y s t e m .  S e c o n d ,   t h i s   s t o c h a s t i c   c o n t r o l  
problem is s o l v e d  t o  f i n d  t h e  optimum c o n t r o l l e r  f o r  c o m p u t i n g  c o n t r o l  
on t h e   b a s i s  of p a s t  and   present   measurements .   F ina l ly ,   the   op t imal  
performance  of  the sys tem is computed a s  a function  of  measurement 
e r r o r s .  
I n  t h e  f i r s t  c o n t r a c t  (NAS2-2457), i t  w a s  found t h a t  f o r  l i n e a r  
s y s t e m s  and q u a d r a t i c  p e r f o r m a n c e  i n d i c e s ,  t h e  d e g r a d a t i o n  i n  p e r f o r m -  
ance  due  to  measurement  e r rors  w a s  p ropor t iona l  t o  the  cova r i ance  o f  
t h e  e r r o r  i n  a p p l i c a t i o n  o f  c o n t r o l  d u e  t o  t h e  measurement e r r o r s .  I n  
t h e  s e c o n d  c o n t r a c t  (NAS2-3476), t h e s e  r e s u l t s  were ex tended  to  non- 
l i n e a r  s y s t e m s  and  genera l  per formance  ind ices  by a s u i t a b l e  l i n e a r i z a -  
t i o n .  The r e s u l t  was t h a t   t o   s e c o n d   o r d e r ,   i n   t h e   a b s e n c e   o f   c o n s t r a i n t s  
and f o r  c o n t i n u o u s l y  d i f f e r e n t i a b l e  s y s t e m  equations and performance in- 
d i c e s ,  t h e  c o s t  of measurement e r r o r s  was a g a i n  p r o p o r t i o n a l  t o  t h e  co- 
va r i ance  of t h e  e r r o r  i n  a p p l i c a t i o n  o f  c o n t r o l  d u e  t o  t h e  measurement 
e r r o r s .  
B.  Descr ipt ion  of   Tasks  Performed 
To a t t a i n  t h e  g o a l s  o f  t h e  p r o j e c t ,  t h e  f o l l o w i n g  t a s k s  were 
performed. 
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1. Ins t rumen ta t ion   S tudv  
A survey was made of t h e  i n s t r u m e n t a t i o n  a v a i l a b l e  o n  a modern j e t  
a i r p l a n e  a n d  t h e  i n s t r u m e n t a t i o n  t h a t  is l i k e l y  t o  b e  p r e s e n t  o n  a 
Supersonic  Transpor t  t o  ascer ta in  what  measurements  w i l l  b e  a v a i l a b l e  
on   an  SST. T h i s   s u r v e y   i n c l u d e d   d e s c r i p t i o n s  of systems of i n s t r u m e n t s ,  
wh ich  inc lude  p rocess ing  o f  raw measurements  and  d isp lay ,  and  o thers  
such  as  t h e  a i r  d a t a  c o m p u t e r ,  f l i g h t  d i r e c t o r ,  a u t o  p i l o t  a n d  n a v i g a -  
t i o n   s y s t e m .  The r e s u l t s   o f   t h e   s t u d y ,   w h i c h  w a s  performed  by  Charles 
Wells and John Peschon of Wolf Management S e r v i c e s ,  a re  d e s c r i b e d  i n  
Sec .  111 o f  P a r t  One and  Appendices €3 and C .  
2 .  AtmosDheric  Studv 
An impor t an t  aim o f  t h e  p r o j e c t  was t o  d e t e r m i n e  t h e  e f f e c t  o f  
tempera ture   ,var ia t ions   on   SST,opera t ion .   Consequent ly  a s t u d y  w a s  made 
of how t e m p e r a t u r e  v a r i e s  as a f u n c t i o n  of a l t i t u d e  f o r  a s tandard  day  
a t  v a r i o u s  l a t i t u d e s  a n d  times o f  t h e  y e a r ,  a n d  how t h e  a c t u a l  t e m p e r a -  
t u r e  a t  c r u i s e  a l t i t u d e  h a s  v a r i e d  i n  t h e  p a s t  o n  s e l e c t e d  d a y s  a l o n g  
s e l e c t e d   p o l a r   r o u t e s .   T h i s   s t u d y  w a s  c a r r i e d   o u t  by Sidney  Serebreny 
and is  d e s c r i b e d  i n  S e c .  I1 o f   P a r t  One. 
3 .  Selection  and  Development  of  Models 
To d e s c r i b e  t h e  b e h a v i o r  o f  a n  SST severa l  models  had  t o  b e  s e l e c t e d  
f rom  ex is t ing   models  or developed. The a tmospher ic   model   (descr ibed   in  
Sec .  I1 o f  P a r t  One and  Sec.  I o f  P a r t  T h r e e ) ,  t h e  a e r o d y n a m i c  model 
( d e s c r i b e d  i n  S e c .  I of   Par t   Three)   and   the   Equat ions   o f   Mot ion   (de-  
s c r i b e d   i n   S e c .  I of P a r t   T h r e e )  are a l l  s tandard  models .  N o  s u i t a b l e  
s t a n d a r d  model of   the   engine   ex is ted ;   however ,   David   Sa lmon,   in   conjunc-  
t i o n  w i t h  Mark Waters of NASA A m e s  Research  Center ,  was a b l e  t o  develop 
such  a model,  which is d e s c r i b e d  i n  S e c .  I o f  P a r t  One. 
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4 .  Theore t i ca l   Ex tens ions  
I t  w a s  n e c e s s a r y  t o  e x t e n d  t h e  t h e o r y  o f  t h e  p r e v i o u s  c o n t r a c t s  t o  
t reat  t h e  SST problem.  These  extensions came i n  t h e  areas of  optimiza- 
t i o n  a n d  s e n s i t i v i t y  t o  measurement error a n d  a r e  d e s c r i b e d  i n  g r e a t e r  
d e t a i l   b e l o w .  
5 .  Program  DeveloDment 
Two programs were developed  embodying  the  appl ica t ion  of  the  theo-  
r e t i c a l  d e v e l o p m e n t s  o f  t h i s  a n d  t h e  p r e d e c e s s o r  c o n t r a c t s  t o  t h e  SST 
opera t ion   problems:   an   op t imiza t ion   program  and  a s e n s i t i v i t y   p r o g r a m .  
T h e s e  p r o g r a m s  a n d  r e s u l t s  o f  t h e i r  u s e  a r e  d e s c r i b e d  i n  g r e a t e r  d e t a i l  
below;  the  programmer was P .  H .  Omlor. 
C .  Summary o f   S i g n i f i c a n t   T h e o r e t i c a l  R e s u l t s  ~- -~ - 
P a r t  Two of  th i s  r epor t  summar izes  the  theo re t i ca l  deve lopmen t  
pe r fo rmed   on   t h i s   p ro j ec t .   Th i s   r e sea rch  was a c o n t i n u a t i o n   a n d   r e f i n e -  
ment o f  t he  r e sea rch  pe r fo rmed  dur ing  the  two p r e v i o u s  p r o j e c t s .  
1. Stochas t ic   ODt imiza t ion   Theorv  
To d e t e r m i n e  t h e  e f f e c t  of measurement e r r o r s  o n  t h e  p e r f o r m a n c e  
of a c o n t r o l  s y s t e m ,  i t  is  necessary  t o  s o l v e  a g e n e r a l  n o n l i n e a r  s t o -  
c h a s t i c   c o n t r o l   p r o b l e m .   E x a c t   s o l u t i o n   o f   s u c h  a problem  whi le   poss ib le  
i n  t h e o r y  i s  i n   p r a c t i c e   c o m p u t a t i o n a l l y   i n f e a s i b l e ;   t h e r e f o r e ,   a p p r o x i -  
mate s o l u t i o n s  mus t   be   r e so r t ed   t o .   Sec t ion  I o f  P a r t  Two p r e s e n t s  t h e  
development  of  one such approximate solut ion,  which is d e s c r i b e d  b r i e f l y  
below. 
Cons ider  a c o n t r o l  l a w  c o n s i s t i n g  of a nominal  cont ro l  p lus  a 
l i n e a r  f u n c t i o n  o f  t h e  d i f f e r e n c e  b e t w e e n  t h e  e s t i m a t e  o f  t h e  s t a t e ,  
assumed t o  b e  u n b i a s e d ,  a n d  t h e  n o m i n a l  s t a t e  ( i . e . ,  t h e  s t a t e  t h a t  t h e  
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system would be in  if the  nominal  control  were  applied  and  all  random 
effects  were absent). An expression for the  performance  of  the  system 
using  this  control law that  is  exact  to  second  order can be developed. 
Note  that  inclusion in the  control  law  of  nonlinear  functions of  the 
difference  between  the  nominal  and  the measured state of  the  system 
would have  been  pointless,  since to  second  order  the  only  affect of 
such  terms is  to shift  the  nominal  trajectory.  Optimization is  per- 
formed  by selection  of  the  optimal  linear  gain and optimal  nominal  con- 
trol. A necessary  condition  that  the  nominal  control  be  optimal  in  the 
absence  of  measurement  errors  is  that  it  maximize  the  Hamiltonian,  which 
is a  function of  the  state  variables  and an auxiliary  set  of  variables 
called  the  adjoint  variables. 
If the  minimum  of  the  Hamiltonian  does  not  lie on a  constraint or 
on a  discontinuity  in  the  derivative  of  the  Hamiltonian,  then  the  de- 
rivative  of  the  Hamiltonian  with  respect to  the  control  is zero.  In 
this situation  optimal  control  about  the  nominal is determined by  second- 
order  considerations;  specifically the  optimum gain is  found  by solution 
of a  linear  control  problem,  where  the  state  equations  are  the  system 
equations  linearized  about  the  nominal  trajectory and  the cost matrices 
are  the  second  derivatives  of  the  Hamiltonian.  These  costs  include  not 
only  the  second-order  terms  from  the  original  performance function, but 
also  second-order  terms  from  the state equations. 
If  the  minimum of the  Hamiltonian is on a  constraint or on a dis- 
continuity  in  the  derivative  of  the  Hamiltonian,  then  the  derivative 
of  the  Hamiltonian  (or  its  right  and  left  derivatives  in  the case of a 
discontinuity)  will  not  in  general  be  zero.  In  this  situation  optimal 
control  about  the  nominal  is  determined by first-order  considerations; 
in  particular  the linear  gain is chosen to  maintain  the  control on the 
constraint or the  discontinuity  in  the  presence  of  variations  of  the 
5 
s t a t e  from the   nominal .  Any o t h e r  c h o i c e  of g a i n  w i l l  r e s u l t  i n  a 
f i r s t - o r d e r  d e g r a d a t i o n  i n  p e r f o r m a n c e .  
2 .  The E f f e c t  of Measurement E r r o r s  
I n  t h e  p r e s e n c e  of measurement e r r o r s  t h e  s t a t e  o f  t he  s y s t e m  is 
no t  known e x a c t l y ;  h e n c e  t h e  ac tua l  c o n t r o l  w i l l  d e v i a t e  f rom  the  opt i -  
mum v a l u e  t h a t  would  be  used i f  t h e  s t a t e  were known e x a c t l y .  To second 
o r d e r  t h e  d e v i a t i o n  i n  c o n t r o l  i s  n o r m a l l y  d i s t r i b u t e d  a b o u t  t h e  optimum 
and  hence  can  be  parameterized by a s t a n d a r d  d e v i a t i o n  m a t r i x .  A g a i n  t o  
s e c o n d  o r d e r  t h i s  s t a n d a r d  d e v i a t i o n  i s  j u s t  t h e  s t a n d a r d  d e v i a t i o n  o f  
t h e  e r r o r s  i n  e s t i m a t e  of t h e  s t a t e  r e s u l t i n g  from  measurement e r r o r s  
m u l t i p l i e d  by the  ga in  used  fo r  con t ro l  abou t  t he  nomina l .  
When t h e  optimum nominal  control  without  measurement  errors i s  not  
on a c o n s t r a i n t  o r  a d i s c o n t i n u i t y  i n  t h e  H a m i l t o n i a n ,  i t  is unchanged 
by the   p re sence  of measurement e r r o r s .   I n   t h i s   s i t u a t i o n ,   t h e   l o w e s t  
o r d e r  term i n  t h e  c o s t  o f  measurement e r r o r s  is second  order ;  i . e . ,  i t  
i s  p r o p o r t i o n a l  t o  t h e  s q u a r e  o f  t h e  s t a n d a r d  d e v i a t i o n  o f  t h e  c o n t r o l  
from  optimum . 
I f  t h e  c o n s t r a i n t s  on c o n t r o l  are  s t a t e  d e p e n d e n t ,  t h e n  i n  t h e  pres-  
ence of measurement e r r o r  i t  is i m p o s s i b l e  t o  t e l l  exac t ly  whe the r  a 
g i v e n   c o n t r o l  meets t h e  c o n s t r a i n t  o r  n o t .  Thus i t  is  n e c e s s a r y   t o  
t i g h t e n  t h e  c o n s t r a i n t  u s e d  i n  a c t u a l  o p e r a t i o n  t o  e n s u r e  t h a t  t h e  de- 
s i r e d   c o n s t r a i n t  i s  r a r e l y   b r o k e n .  T h i s  means tha t   t hose   po r t ions   o f  
the  opt imal  nominal  cont ro l  wi thout  measurement  e r rors  tha t  l i e  on a 
c o n s t r a i n t  must   be  shif ted  in   the  presence  of   measurement   noise .   In  
t h i s  s i t u a t i o n ,  the  lowes t  o rde r  term i n  t h e  c o s t  of measurement e r r o r s  
i s  f i r s t  o r d e r ;  i . e . ,  i t  is p r o p o r t i o n a l  t o  t h e   s t a n d a r d   d e v i a t i o n  of 
t h e  e r r o r  i n  a p p l i c a t i o n  o f  c o n t r o l  as w e l l  as t h e  s t a n d a r d  d e v i a t i o n  
squared .  
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For  a p o r t i o n  o f  t h e  o p t i m a l  n o m i n a l  t r a j e c t o r y  t h a t  l ies upon a 
d i s c o n t i n u i t y  i n  t h e  d e r i v a t i v e  o f  t h e  H a m i l t o n i a n ,  t h e  p r e s e n c e  o f  
measurement  noise  leads  to  a f i r s t - o r d e r  c o s t  j u s t  as i n  t h e  case of 
c o n s t r a i n t s .  I n  t h i s  c a s e  t h e  c a u s e  i s  t h e  r e c t i f y i n g  e f f e c t  o f  t h e  
change of s l o p e .   T h i s   f i r s t - o r d e r   c o s t  can be  minimized,   but   not  elimi- 
n a t e d ,  by s h i f t i n g  t h e  nomina l  t r a j ec to ry  a s l i g h t  amount  from t h e  
measurement-error-free nominal .  
3 .  Optimizat ion  Techniques 
F ind ing  the  optimum nomina l  t r a j ec to ry  invo lves  min imiza t ion  o f  t he  
H a m i l t o n i a n .   U n f o r t u n a t e l y   t h e   d i f f e r e n t i a l   e q u a t i o n s   d e s c r i b i n g   t h e  
s t a t e  v a r i a b l e  and a d j o i n t  v a r i a b l e s  must  u s u a l l y  b e  i n t e g r a t e d  i n  oppo- 
s i te  d i r e c t i o n s  b e c a u s e  t h e i r  b o u n d a r y  c o n d i t i o n s  a r e  n o t  i n  t h e  same 
p lace .   Th i s   necess i t a t e s   t he   u se   o f   i t e r a t ive   t echn iques   fo r   min imiz ing  
the   Hami l tonian ;  i . e . ,  a t e n t a t i v e  c o n t r o l  h i s t o r y  i s  s e l e c t e d  and t h e  
s t a t e  e q u a t i o n s  i n t e g r a t e d  i n  o n e  d i r e c t i o n ,  t h e  a d j o i n t  e q u a t i o n s  i n  
t h e  reverse d i r e c t i o n  and a new c o n t r o l  h i s t o r y  s e l e c t e d ,  t h e  p r o c e s s  
b e i n g   r e p e a t e d   u n t i l  i t  c o n v e r g e s .   F o r   t h i s   i t e r a t i v e   p r o c e s s   t o  work 
well i t  is d e s i r a b l e  t h a t  t h e  a d j o i n t  v a r i a b l e  b e  i n s e n s i t i v e  t o  c h a n g e s  
i n  c o n t r o l  h i s t o r y .  S e c t i o n  V I  p r e s e n t s  a method  whereby the  dynamics 
o f  t he  ad jo in t  equa t ions  can  be  mod i f i ed  s o  t h a t  t h i s  s e n s i t i v i t y  is 
nlinimal.   This  technique was u s e d  i n  t h i s  p r o j e c t  t o  o b t a i n  v e r y  r a p i d  
c o n v e r g e n c e  i n  t h e  v e r t i c a l  c o n t r o l  o p t i m i z a t i o n  p r o b l e m  d e s c r i b e d  b e l o w .  
4 .  Subopt imal   Nominal   Trajector ies  
I t  is no t  necessa ry  tha t  t he  nomina l  t r a j ec to ry  used  in  the  deve lop -  
ments   descr ibed  above  be  the  opt imal   nominal .  I t  is o n l y   n e c e s s a r y   t h a t  
the  nominal l i e  wi th in  the  reg ion  about  the  opt imal  nominal  for  which  
the  second-order   expansion  of   performance is adequa te .   L inea r   con t ro l  
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about  the  subopt imal  nominal  can  then  be  used  to  correct f o r  t h e  n o n o p  
t i m a l i t y   o f   t h e   n o m i n a l .   T h i s  r e s u l t  is q u i t e   i m p o r t a n t ,   s i n c e  i t  is 
o f t en  conven ien t  t o  p i ck  the  nomina l  by s o l v i n g  a s i m p l i f i e d  v e r s i o n  o f  
t he   op t ima l   con t ro l   p rob lem.  The theo ry  i s  not   comple te   on   the   use   o f  
subop t ima l  nomina l  t r a j ec to r i e s ;  a l though  i t  is  c lear  how t o  p r o c e e d  i n  
t h e  a b s e n c e  o f  c o n s t r a i n t s  a n d  d i s c o n t i n u i t i e s  i n  t h e  d e r i v a t i v e  of t h e  
Hamil tonian,  i t  is  n o t  c l e a r  how t o  p r o c e e d  i n  t h e i r  p r e s e n c e .  
5. S t a t e   S p a c e   C o n s t r a i n t s  
A major area o f  f u t u r e  r e s e a r c h  i s  t h e  e x t e n s i o n  of the above tech-  
n i q u e s   t o   h a n d l e  s t a t e  s p a c e  c o n s t r a i n t s .  S o l u t i o n  o f  a d e t e r m i n i s t i c  
op t imal  cont ro l  problem i s  d i f f i c u l t ,  b u t  n e c e s s a r y  c o n d i t i o n s  a r e  known. 
A p p r o x i m a t e  s o l u t i o n  o f  t h e  s t o c h a s t i c  o p t i m a l  c o n t r o l  p r o b l e m  w i t h  s t a t e  
s p a c e  c o n s t r a i n t s  a n d  d e t e r m i n a t i o n  o f  t h e  e f f e c t  o f  m e a s u r e m e n t  e r r o r s  
i n  t h e  p r e s e n c e  o f  s t a t e  s p a c e  c o n s t r a i n t s  h a s  n o t  b e e n  a c h i e v e d  t o  d a t e .  
D. F l igh t   Con t ro l   o f   an  SST 
C o n t r o l   o f   t h e   f l i g h t   o f   t h e  SST involves  two t a s k s :   c o n t r o l l i n g  
the  mot ion  of t h e  center of mass o f  t he  SST and c o n t r o l l i n g  t h e  m o t i o n  
o f  t h e  SST about  i t s  c e n t e r  o f  mass. The only  dependence  of   the  motion 
o f  t he  cen te r  o f  mass  on t h e  m o t i o n  a b o u t  t h e  c e n t e r  o f  mass is provided 
by t h e  a t t i t u d e  o f  t h e  SST, which  de termines  the  forces  ac t ing  on  the  
center of  mass. By use  o f  t he  approx ima t ion  t echn ique  desc r ibed  above ,  
c o n t r o l  o f  m o t i o n  o f  t h e  c e n t e r  of mass can be separated from the at t i -  
t u d e  c o n t r o l .  F o r  c o n t r o l  o f  t h e  c e n t e r  o f  m a s s ,  t h e  a t t i t u d e  o f  t h e  
p l ane  i s  t aken  as t h e  c o n t r o l  a n d  t h e  optimum c o n t r o l  law is found. 
T h i s  c o n t r o l  law w i l l  y i e l d  t h e  d e s i r e d  a t t i t u d e  a t  any time and t h e  
c o s t  (a quadra t i c  cos t  found  f rom t ak ing  second  de r iva t ives  of t h e  
Hamil tonian)   of   not   being a t  t h i s  a t t i t u d e .  T h i s  c o s t  is then  made p a r t  
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o f  t h e  a t t i t u d e  c o n t r o l  p e r f o r m a n c e  c r i te r ia  a l o n g  w i t h  c o s t s  o f  e f f e c t -  
i n g  c h a n g e  i n  a t t i t u d e .  The g o a l s  o f  t h e  a t t i t u d e  c o n t r o l  s y s t e m  are 
t h u s   i n f e r r e d   f r o m   t h e   g o a l s   o f   t h e   f l i g h t - p a t h   c o n t r o l   s y s t e m .  The 
goa l   o f   t he   f l i gh t -pa th   con t ro l   sys t em is g i v e n   d i r e c t l y :  I t  i s  t o  t a k e  
the  p lane  f rom i t s  p o i n t  o f  o r i g i n  t o  i ts  d e s t i n a t i o n  i n  a manner t h a t  
minimizes time taken  and  fue l  used  whi le  observ ing  a1.l a i r  t r a f f i c ,  
n o i s e ,  and s t r u c t u r a l  c o n s t r a i n t s .  
In  the  fo l lowing  pa rag raphs  a proposed method of  control l ing an 
SST is d e s c r i b e d .  To implement   that   technique it  is n e c e s s a r y   t o   s o l v e ,  
among other   problems,   what  is r e f e r r e d  t o  h e r e i n  a s  t h e  v e r t i c a l  c o n t r o l  
problem. The r e s e a r c h   i n   t h e   p r o j e c t  w a s  expended  on th i s   p rob lem;  i t  
is d e s c r i b e d  i n  g r e a t e r  d e t a i l  b e l o w .  
1. Hor izonta l   Cont ro l  
I n  g e n e r a l ,  t h e  b e s t  p a t h  f o r  a n  SST to  t ake  be tween  two p o i n t s  is 
t h e   s h o r t e s t   p a t h .   F o r   o r d i n a r y  j e t s  i t  is  sometimes  worthwhile  to  modify 
the  pa th  somewhat t o  t ake  advan tage  o f  f avorab le  winds ,  bu t  an  SST t r a v e l s  
so f a s t  t h a t  i t  is n o t  p r o f i t a b l e  t o  d e v i a t e  from t h e  s h o r t e s t  p a t h . 3  
I n  h o r i z o n t a l  c o n t r o l  t h e  m a j o r  s t a t e  v a r i a b l e s  a r e  t h e  l a t i t u d e  a n d  
longi tude  and  d i rec t ion  of  the  mot ion  of  the  SST and t h e  c o n t r o l  v a r i a b l e s  
a r e  i t s  r o l l  and yaw a n g l e s .  However, i t  is conven ien t   t o   a s sume   t ha t   t he  
d i r e c t i o n  o f  m o t i o n  o f  t h e  a i r c r a f t  c a n  b e  c h a n g e d  i n s t a n t a n e o u s l y  a n d  
t h a t  r o l l  and yaw have  nominal   angles   of   zero.   I f   ground t rack d i s t a n c e  
is t aken  as the  independent  var iab le ,  then  the  ground pa th  can  be  opt i -  
mized independent ly  of  the veloci ty .  
2 .  V e r t i c a l   C o n t r o l  
Given  an  optimal  ground t rack t o  f o l l o w ,  t h e r e  s t i l l  e x i s t s  t h e  
problem of de t e rmin ing  the  optimum c r u i s e  a l t i t u d e  and g e t t i n g  t o  and 
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from c ru i se  a t  the  beginning  and  end of t h e  f l i g h t .  I n  v e r t i c a l  c o n t r o l  
t he  ma jo r  s ta te  v a r i a b l e s  are t h e  a l t i t u d e ,  v e l o c i t y ,  and f l i g h t - p a t h  
a n g l e ,   a n d   t h e   c o n t r o l  is t h e  t h r o t t l e  and  angle   of  a t tack .  I t  i s  con- 
venien t ,   however ,   to   assume maximum t h r o t t l e  d u r i n g  c l i m b ,  minimum 
t h r o t t l e  d u r i n g  l e t d o w n ,  and t h r o t t l e  se t  t o  m a i n t a i n  v e l o c i t y  d u r i n g  
c r u i s e ;   h e n c e   t h i s   c o n t r o l   c a n   b e   e l i m i n a t e d .   D u r i n g   c r u i s e  t h e  v e h i c l e  
is  t r a v e l i n g  a t  maximum v e l o c i t y ,  and i t  is  convenient   to   assume  tha t  
a l t i t u d e  may b e   c h a n g e d   i n s t a n t a n e o u s l y .   I n   t h i s   s i t u a t i o n   t h e r e   a r e  
no s t a t e  v a r i a b l e s  and   t he   op t imiza t ion  is pure ly   a lgeb ra i c .   Dur ing  
climbout  and  letdown, i t  is c o n v e n i e n t  t o  r e p l a c e  t h e  a l t i t u d e  by t h e  
e n e r g y  ( p o t e n t i a l  p l u s  k i n e t i c )  p e r  u n i t  mass  and  assume t h a t  v e l o c i t y  
can   be   changed   i n s t an taneous ly .4   I f   fue l   u sed  is taken   as   the   independ-  
e n t  v a r i a b l e ,  t h e n  t h e  optimum c l imb and  le tdown prof i les  can  be  de te r -  
mined .   Sui tab le   nominal   va lues   o f   f l igh t -pa th   angle   and   angle   o f   a t tack  
a r e  u s e d .  
3 .  Autop i lo t   Con t ro l  
Suppose  an  optimum  ground  path  and  optimum  climb, c ru i se ,  and le t -  
down p r o f i l e s  h a v e  b e e n  s p e c i f i e d ;  t h e r e  r e m a i n s  t h e  p r o b l e m  o f  s e l e c t i n g  
r o l l ,  yaw, and a n g l e   o f   a t t a c k  (or p i t c h )   t o   f o l l o w  these p a t h s .   I f  w e  
u s e  t he  pa ths  de t e rmined  as above  and  the  nomina l  va lues  o f  t he  a t t i t ude  
as a n o m i n a l  t r a j e c t o r y ,  t h e n  t h e  a p p r o x i m a t i o n  t h e o r y  d e s c r i b e d  a b o v e  
can  be u s e d  t o   o p t i m i z e   c o n t r o l   a b o u t   t h i s   n o m i n a l .  For the   chosen  
n o m i n a l ,  v e r t i c a l  c o n t r o l  a n d  h o r i z o n t a l  c o n t r o l  s h o u l d  s e p a r a t e .  
4 .  R e a l i z a t i o n  
R e f e r  t o  F i g .  1 f o r  a b lock  d i ag ram o f  the  r ea l i za t ion  o f  such  a 
scheme  of c o n t r o l .  The ver t ica l   cont ro l   computer   t akes   measurements   o f  
the  parameters  which  descr ibe  the  a tmosphere  and  measurements  of  the  s ta t ic  
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and  dynamic  pressure  and  the  temperature  and  then  produces  a  desired 
change in altitude  signal  (exactly  how this computation  relates to  the 
solution of the  vertical  control  problem  is  spelled  out in greater de- 
tail  below). The horizontal  computer  takes  measurements of the  latitude 
and longitude and directions of motion and determines  a  desired  change 
in the  direction of motion  signal. The altitude change signal  and  direc- 
tion of motion  signal are fed  to  the  autopilot  along  with  measurements 
of  the  attitude  of  the  plane. The autopilot  computes  a  desired  change 
in  attitude  which can be  either  directly  coupled  to  the  attitude  control 
system o r  displayed  to  the  pilot on the  flight  director. The attitude 
control  system  takes  the  desired  change  in  attitude  signal  from  the 
pilot o r  autopilot  and  determines  appropriate  commands  to  the SST con- 
trol  surfaces. 
E .  Summary  of  Significant  Results  from  Solution 
of the  Vertical  Control  Problem 
The vertical  control  problem,  described  briefly above, provides 
the  ideal  problem for the  present  study for two  reasons: 
The major  effect  of  atmospheric  variations  is on the  optimal 
vertical flight  profiles. 
The problem  involves  only  control  constraints;  any  of  the 
other  problems  mentioned  above  involve  state  constraints-- 
the theory  has not, as yet, been  extended  to  include  the 
presence  of  state  constraint. 
Below, the vertical  control  problem  is  discussed  in  greater detail; most 
of the  remainder of this report, except fo r  Part Two, deals  with it. 
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1. Problem Formulation 
The state  variable for this  problem  is  the  energy  per  unit  mass., 
which is the  sum of potential  energy  per  unit  mass  (a  linear  function 
of  altitude  only) and kinetic energy  per  unit  mass  (a  quadratic  func- 
tion  of  velocity only). As control  variable  either  velocity or alti- 
tude  may be used; velocity  was chosen in  the  present  study.  The state 
equation can be written by using  Newton's  law  to  express rate of  change 
of  energy  as a  function of thrust, drag, mass, and  velocity. To express 
the  thrust  and drag  as  functions  of energy, velocity, and mass;  the 
models  of  the  engine,  aerodynamics,  and  atmosphere  were us'ed. Section I 
of Part Four gives  the  derivation  and  simplification  of  the  equations 
of motion, and  the  parameterization  of  the  models  of  the engine, atmos- 
phere, and aerodynamics. 
Part Four, Sec. 11, describes  the  formulation  of  the  vertical  con- 
trol  problem  as an optimal  stochastic  control  problem.  Fuel  used  was 
chosen as  the  independent  variable  rather  than  time  because  mass  could 
then  be  considered  a  function  of  the  independent  variable  rather  than 
a  state  variable.  The  performance  function  that one really  wants  to 
optimize is a  trade-off  between  fuel  used  and  time  taken  to  go  a  fixed 
distance; however, it  is easier  to  optimize  a  trade-off  between  time 
taken and distance  covered  for  a fixed  amount of fuel used. By  running 
a  family of the  latter  optimizations, it is possible  to  obtain  a  family 
of  the  former  optimizations. 
2. Problem Solution 
When  the SST is traveling  at  maximum  velocity  (i.e.,  during  cruise), 
the  only optimization  that can be  performed  is minimization of the  rate 
of  fuel consumption.  Determination  of the  optimum  cruise  is an algebraic 
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optimization (i.e.,  present  optimum  is  independent  of  future  optimum). 
At the  beginning of the  flight an optimum climb from  the  altitude  and 
velocity  at  the  end of takeoff to  cruise  altitude and  velocity  must  be 
performed.  And  at the end  of the  flight an optimum  letdown to altitude 
and  velocity suitable for landing  from cruise altitude and  velocity  must 
be  performed. These two  optimizations  are  variational  optimization 
(i.e., present  optimum  depends  upon  future  optimum). 
Section I of Part Four describes  in  detail  the  optimization  equa- 
tions  needed  for  cruise,  climbout  and  letdown,  and  Sec. I of Part Five 
describes an optimization program  embodying  those  equations. To obtain 
an initial  guess for the  optimum  climbout  and  letdowns,  algebraic  opti- 
mizations  were  performed. In running the  program  for  a  variety of 
parameters, it was  found  that  the  actual  optimal  climbouts  and  letdowns 
were  always  provided  by  the  initial  guess;  thus  optimal  climb  and  let- 
down can be  reduced to algebraic  optimization. 
In addition  to  knowing  optimum climbout, cruise, and letdown as a 
function of various conditions, one is  interested  in  the  variation  in 
performance  with  conditions  and  effect on performance  of  errors  in  the 
measurements  made to determine  the  conditions  obtaining  at  a  given  time. 
In Sec.  I1  of  Part Four equations  that  represent  the  application  of  the 
theory  of  Part Two, Sec. I, to  the  vertical  control  problem  are  given 
and in Part Five, Sec. 11, a program  (called  sensitivity  program)  embody- 
ing  these  equations and the  algebraic  optimizations  of  the  optimization 
program  is  described. Use of the  sensitivity  program gives, for any  con- 
ditions  parameterizable by the  models used, the  optimum climbout, cruise, 
and letdown, and the  sensitivities  of  performance to  measurement  errors 
(made on certain assumptions  about  the  measurements  made  and  the  nature 
of  the  errors).  By use of the program f o r  varying conditions,  the effect 
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of changes in conditions on performance can be  determined.  Optimal 
cruise,  climbout,  and  letdown  and  their  sensitivities ar  discussed  in 
greater  detail  below. 
3. Realization of Vertical  Control 
In  cruise,  velocity  is  determined by a  constraint  that  is  a  func- 
tion  of  the  outside  temperature;  optimization is  performed  by  selecting 
the  optimal  pressure  altitude  as  a  function  of  fuel  used and outside 
temperature,  since  engine and aerodynamics  depend  only on velocity, out- 
side  temperature,  and  outside  pressure and not on geometric  altitude. 
Climbout and letdown  optimizations  depend upon, in  addition,  the  cruise 
temperature  (through  the  cost  function) and upon  geometric  altitude 
(through  constraints and discontinuities  in  derivative). 
Thus  the  vertical  control  computer  needs to know  fuel used, pres- 
sure  altitude,  outside  temperature,  velocity,  geometric  altitude, and
cruise  temperature.  Pressure  altitude is  determined  by  measuring  the 
outside  static  pressure;  given  the  outside  static  pressure and  tempera- 
ture  the  velocity or airspeed  may  be  determined  by  measuring  outside 
dynamic  pressure [ (1/2)pv j. To determine  geometric  altitude  and  cruise 
temperature, it is necessary to have  a  model  of  the  atmosphere. The model 
used  in  this  development  assumes  that  temperature  is  constant  above  the 
tropopause and falls at 6.3"C per  km  from  sea  level  to  tropopause;  hence 
the atmosphere is  specified  by  giving  the temperature,  pressure, and 
altitude  of  the  tropopause.  Cruise  temperature  (which  is  just  the  tem- 
perature  of  the  tropopause)  and  geometric  altitude can be determined 
2 
from  outside  temperature  and  pressure  and  any  two  of  the  three  conditions 
at  the  tropopause.  Therefore  the  vertical  control  computer  must  have 
measurements  of  fuel used, outside  temperature,  outside  static  pressure, 
outside  dynamic  pressure and,  say, pressure  and  a1 ti tude  of  the  tropopause. 
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The f i r s t  f o u r  q u a n t i t i e s  a r e  c u r r e n t l y  m e a s u r e d  o n  b o a r d ;  t h e  c o n d i t i o n s  
a t  t h e  t r o p o p a u s e  m u s t  come from e x t e r n a l  s o u r c e s .  
A s  p o i n t e d  o u t  a b o v e ,  t h e  o p t i m i z a t i o n  is c a r r i e d  o u t  by maxinliza- 
t i o n   o f   t h e   a p p r o p r i a t e   f u n c t i o n .   T h i s   m a x i m i z a t i o n  may b e  c a r r i e d  o u t  
on  board or on t h e  g r o u n d .  I n  t h e  l a t t e r  case,  t h e  resu l t s  would  be 
s t o r e d  a s  a nomina l  con t ro l  p lus  a l i n e a r  f u n c t i o n  o f  t h e  d i f f e r e n c e s  U P  
measurements   f rom  nominal .   E i ther   rea l iza t ion   appears  well w i t h i n   t h e  
c a p a b i l i t y   o f   a v a i l a b l e   a i r b o r n e   d i g i t a l   c o m p u t e r s .  The commands w i l l ,  
under  some c i r cums tances  ( such  as a d i v e  t h r o u g h  t h e  s e c o n d  b a r r i e r  d u r i n g  
c l i m b o u t ) ,   c a l l   f o r   f l i g h t - p a t h   a n g l e s   o u t s i d e   c o n s t r a i n t s .   I n   t h e s e  si t-  
u a t i o n s ,  t h e  a u t o p i l o t  or p i l o t  would select  t h e  p e r m i t t e d  f l i g h t - p a t h  
a n g l e  c l o s e s t  t o  t h a t  d e s i r e d .  
4 .  An ExamDle 
I n  t h i s  s e c t i o n  t h e  o p t i m i z a t i o n  and s e n s i t i v i t y  o f  a t y p i c a l  SST 
is cons ide red .  The engine   and   aerodynamic   parameters   descr ib ing   th i s  
SST a r e   d e s c r i b e d   i n   P a r t   T h r e e ,   S e c .  I .  F o r   t h e   n o m i n a l   t r a j e c t o r y   t h e  
v a l u e s  o f  t h e  t e m p e r a t u r e ,  p r e s s u r e ,  a n d  a l t i t u d e  o f  t h e  t r o p o p a u s e  a r e :  
e TROP 
optimum t r a j e c t o r y ,  r a n g e  i s  maximized f o r  a given  amount   of   fuel .  
= -60°C, PTROP = 295 mb, and h TROP 
= 10 km. Fur thermore ,   a long   the  
F i g u r e s  2 and 3 d e s c r i b e  t h e  n o m i n a l  t r a j e c t o r y  f o r  t h e  t y p i c a l  SST. 
N o t e  t h a t  t h e  t h r o t t l e  s e t t i n g  i s  c o n s t a n t  a l o n g  t h e  c r u i s e .  T h i s  w i l l  
b e  t r u e  o n l y  i f  t h e  t e m p e r a t u r e  a l o n g  t h e  c r u i s e  ( w h i c h  is the tempera-  
t u r e   o f   t h e   t r o p o p a u s e   i n   t h e   p r e s e n t   m o d e l )  i s  c o n s t a n t .   I n   t h e   r e a l  
s i t u a t i o n ,  t e m p e r a t u r e  a l o n g  c r u i s e ,  and t h u s  c r u i s e  a l t i t u d e  a n d  power 
s e t t i n g  w i l l  va ry .   Bo th   c ru i se   and   l e tdown   a s  shown i n  F i g s .  2 and 3 
a r e  q u i t e  well behaved.  Climbout,  however,  shows much l i v e l i e r   b e h a v i o r .  
The f i r s t  p i e c e  o f  t h e  c l i m b o u t  a b o v e  t h e  minimum a l t i t u d e  is caused by 
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FIGURE 3 PROPERTIES  OF OPTIMAL TRAJECTORY 
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the   combust ion  chamber   reaches i t s  maximum t o t a l  tempera ture .   The   op t i -  
~num f o l l o w s  t h i s  d i s c o n t i n u i t y  f o r  a shor t  pe r iod  and  then  con t inuous ly  
r e t u r n s  t o  minimum a l t i t u d e .  The   next  major facet of t h e  t r a j e c t o r y  is 
a d i v e  t h r o u g h  t h e  s o n i c  b a r r i e r ;  i n  a n  a c t u a l  t r a j e c t o r y ,  c o n s t r a i n t s  
o n  t h e  SST w i l l  d e t e rmine  how f a s t  t h i s  d i v e  c a n  be made. Note t h a t  i n  
t h e  s u p e r s o n i c  c l i m b ,  t h e  t r a j e c t o r y  follows t h e  d i s c o n t i n u i t y  of t h e  
atmosphere a t  t h e  t r o p o p a u s e  fo r  a w h i l e .  T h e  c a u s e  o f  t h e  o s c i l l a t i o n  
a t  t h e  end  of  the  c l imb i s  a t  p r e s e n t  unknown. 
Cons ider  now t h e  e f f e c t  of v a r i a t i o n s  i n  t h e  a t m o s p h e r e  from nominal.  
I n  T a b l e  I the  per formance  is g i v e n  f o r  p e r t u r b a t i o n  o f  e a c h  of t h e  a t -  
mospheric   parameters   f rom  nominal ;   the   value of the  pe r tu rbed  pa rame te r  
i s  g i v e n   i n   t h e   t a b l e .   S u c h   v a r i a t i o n s   i n  h and e a r e  shown t o  
be  common i n  S e c .  I1 of P a r t  One. Note t h a t  o n l y  t h e  v a r i a t i o n s  i n  
TROP  TROP 
Tab le  I 
PERFORMANCE  FOR  PERTURBATION  OF  ATMOSPHERIC 
PARAMETERS  FROM  NOMINAL 
- 'TROP - 'TRoP 
= h  - - = h  
TROP TROP 'TROP 
- -   
'TROP 
Nominal 





7.93X10 7.92X10 7.93X10 7.88X10 7.97X10 7.71X10 8.O7A1O6 
6 6 6 6 6 
8 c a u s e   s i g n i f i c a n t   c h a n g e s   i n  p e r f o r m a n c e .  The   r eason   fo r   t h i s  is 
TROP 
t h a t   c r u i s e   p e r f o r m a n c e  is a f f e c t e d   o n l y  by 8 s i n c e   t h e  optimum 
c r u i s e   p r e s s u r e   a l t i t u d e  is a func t ion   on ly   o f  6 The e f f e c t   o f  
c h a n g e s  i n  h and p o n  c r u i s e  is t o  c h a n g e  t h e  g e o m e t r i c  a l t i t u d e  
as i l l u s t r a t e d  i n  T a b l e  11, w h i c h  g i v e s  t h e  g e o m e t r i c  a l t i t u d e  a t  t h e  end 
o f  c r u i s e  f o r  p e r t u r b a t i o n s  o f  h and p Tab le  I11 i l l u s t r a t e s  t h e  
TROP ' 
TROP ' 
TROP  TROP 
TROP TROP * 
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Table  I1 
EFFECT  OF  CHANGES I N  h and p ON CRUISE 
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h 
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h = 1.3A10 h = 25,100 
TROP 
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= 280 h = 21,700 
'TROP 
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= 310 h = 22,400 
Tab le  I11 
EFFECT OF  CHANGES IN eTROP ON CRUISE 
h P 
e = -40 49.3 22,200 TROP 
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= -60 42.6 22,100 
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e f f e c t   o f   c h a n g e s   i n  8 o n   c r u i s e  by g i v i n g   s e v e r a l   q u a n t i t i e s  a t  t h e  
end   of   c ru ise ;   v /6  is t h e   d i s t a n c e   c o v e r e d   p e r   u n i t   o f   f u e l ,  1/; i s  
t h e  time t a k e n   p e r   u n i t   o f   f u e l ,   a n d  rr is t h e  power s e t t i n g .  The major 
conclus ion  i s  tha t  pe r fo rmance  i s  not  changed very much w i t h  c h a n g e s  i n  
a tmospheric  parameters  when t h e  c o n t r o l  u s e d  i s  o p t i m a l  f o r  t h e s e  a c t u a l  
parameters .  
TROP 
f  f 
The  second  sens i t i v i ty  of i n t e r e s t  is t h e  s e n s i t i v i t y  t o  measure- 
ment n o i s e .   T a b l e  I V  g i v e s   t h e   p e r c e n t a g e  loss on  performance of 1-percent  
errors i n  measurement  of  fuel  used b, o u t s i d e   t e m p e r a t u r e  a ,  o u t s i d e  
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C r u i s e  
C 1  imbout 
Letdown 
T o t a l  
' Tab le  IV 
PERCENTAGE LOSS ON PERFORMANCE  FROM  EASUREMENT NOISE 
P 
( p e r c e n t  ) 
~- - 
0.009 
~ _ _ _ _ _ _ _  
e 





__ " - 
P 




q I PTROP I hTROp I 
( p e r c e n t  ) ( p e r c e n t  ) ( p e r c e n t  ) 
0.012 0.036 
0.002 0.005 0.002 
0 . 7 5  I 0 .02  I 0.04 I 
s t a t i c  p r e s s u r e  p ,  ou ts ide   dynamic   p ressure  q ,  and h Note t h a t  
performance is r e l a t i v e l y  s e n s i t i v e  t o  errors i n  8 ,  p ,   and  q and rela- 
t i v e l y  i n s e n s i t i v e  t o  errors i n  p, 
t h i s  s e n s i t i v i t y  t o  error i n  8 ,  p ,  and q is t h e  c o n s t r a i n t  o n  v d u r i n g  
c r u i s e .   F o r   t h i s   e x a m p l e  i t  w a s  assumed t h a t  t h e  c o n s t r a i n t  o n  v w a s  
t i gh tened  by three s t a n d a r d   d e v i a t i o n s  t o  e n s u r e   t h a t  i t  would  seldom  be 
exceeded  because of measurement errors. I f ,  f o r  e x a m p l e ,   t h i s   c o n s t r a i n t  
need  be met o n l y  o n  t h e  a v e r a g e ,  t h e n  s e n s i t i v i t y  wou ld   be   f a r  less. I n  
any event  i t  a p p e a r s  t h a t  e x i s t i n g  i n s t r u m e n t a t i o n  would  be q u i t e  a d e q u a t e .  
'TROP TROP ' 
'TROP ' 
and h The major cause   o f  
TROP 
F.  Areas of   Future   Research  
-_-_I_ 
Much has  been  accompl i shed  in  the  app l i ca t ion  o f  modern c o n t r o l  
theory  t o  t h e  o p t i m a l  o p e r a t i o n  o f  S S T ' s ,  b u t  much remains t o  b e  accom- 
p l i s h e d .  Some of t h e  areas o f   r ema in ing   r e sea rch  are l i s t e d   b e l o w .  
1. Broadening   the   Present   Program ~- - ~~ 
In  the  p re sen t  p rogram s imple  mode l s  were u s e d  f o r  t h e  c o n s t r a i n t s  
a c t i n g  o n  t h e  SST; more r ea l i s t i c  models  would  be  desirable.   For some 
r o u t e s  (see Sec.  I1 o f   Pa r t   One) ,   t he   changes   i n   t empera tu re   and  
21 
t e m p e r a t u r e  g r a d i e n t s  c a n  b e  q u i t e  l a r g e ;  t h e  e f f e c t s  o f  t h e s e  t e m p e r a -  
t u re   changes   upon   c ru i se   shou ld   be   i nves t iga t ed .   P rograms   shou ld   be  
d e v e l o p e d  t o  p e r m i t  e a s y  s e l e c t i o n  o f  model p a r a m e t e r s  i n  t h e  e n g i n e  
a n d   a e r o d y n a m i c s   t o   f i t   e x p e r i m e n t a l   v a l u e s .  A l l  t h e   a b o v e   a r e a s   a r e  
r e f inemen t s  o f  t he  p rograms  deve loped  in  the  p re sen t  p ro jec t  r a the r  t han  
m a j o r  r e v i s i o n s .  
2 .  Two-State Vert ical  Control  
I n  t h e  p r e s e n t  p r o g r a m ,  a o n e - s t a t e  model i s  u s e d  f o r  o p t i m i z a t i o n  
o f   v e r t i c a l   c o n t r o l .   I n  some s i t u a t i o n s ,   s u c h  as t h e   t r a n s i t i o n  from 
s u b s o n i c  t o  s u p e r s o n i c  i n  c l i m b o u t ,  t h e  c o m p u t e d  c o n t r o l  demands a f l i g h t -  
p a t h   a n g l e   e x c e e d i n g   t h e   c o n s t r a i n t s .   T h i s   d i f f i c u l t y   c a n   b e   h a n d l e d  
h e u r i s t i c a l l y  by u s i n g  t h e  l i m i t i n g  f l i g h t - p a t h  a n g l e  i n  s u c h  s i t u a t i o n s .  
I t  would  be d e s i r a b l e  t o  o p t i m i z e  w i t h  a two-state model in which energy 
and v e l o c i t y  a r e  s t a t e  v a r i a b l e s  and f l i g h t - p a t h  a n g l e  t h e  c o n t r o l  v a r i -  
a b l e .   I f   t h e   o n e - s t a t e  optimum ( h e u r i s t i c a l l y   m o d i f i e d   w h e r e   n e c e s s a r y )  
i s  s u f f i c i e n t l y  c l o s e  t o  t h e  t w o - s t a t e  optimum ( i . e . ,  w i t h i n  t h e  r e g i o n  
tha t   s econd-o rde r   app rox ima t ion   ho lds ) ,   t hen  i t  i s  a d e q u a t e  f o r  v e r t i c a l  
c o n t r o l ;  o t h e r w i s e  a two-s ta te  optimum is necessa ry .  
3 .  Autop i lo t   Con t ro l  and A l t i t u d e   C o n t r o l  
D e v e l o p m e n t  o f  a l g o r i t h m s  f o r  o p t i m a l  a u t o p i l o t  c o n t r o l  a n d  a l t i t u d e  
c o n t r o l  is t h e  l o g i c a l  e x t e n s i o n  o f  t h e  o p t i m i z a t i o n  o f  v e r t i c a l  c o n t r o l .  
4 .  Theore t i ca l   Resea rch  
To s t u d y  Items 2 and 3 above ,  fu r the r  deve lopmen t  o f  t he  s tochas t i c  
c o n t r o l   t h e o r y   p r e s e n t e d   i n   S e c .  I o f   P a r t  Two is n e e d e d .   I n   p a r t i c u l a r ,  
the  problem of i n c l u d i n g  s t a t e  v a r i a b l e  c o n s t r a i n t s  must be solved. 
22 
For Item 2 ,  the t w o - s t a t e  v e r t i c a l  c o n t r o l ,  t h e  p r o b l e m  is  t h e  e f f e c t  
of s t a t e  v a r i a b l e  c o n s t r a i n t s  o n  t h e  n o m i n a l  c o n t r o l ;  for Item 3 ,  auto-  
p i l o t  and a l t i t u d e  c o n t r o l ,  t h e  p r o b l e m  is  t h e  e f f e c t  o f  s t a t e  v a r i a b l e  




MODELS NEEDED  FOR  THE OFTIMI  ZATION 




I THE  ENGINE 
A .  I n t r o d u c t i o n  
T h i s  s e c t i o n  p r e s e n t s  t w o  models fo r  a s u p e r s o n i c  t r a n s p o r t  (SST) 
engine.   The models a re  based  on  in fo rma t ion  supp l i ed  by Mark Waters of 
Research  Center .  A br ief   development  of some r e l e v a n t  
r e l a t i o n s  i s  g iven  in  Appendix  A .  
t h e  NASA A m e s  
thermodynamic 
The f i r s  
v a r i a b l e s  and 
t model  includes many r e l a t i o n s h i p s  b e t w e e n  i n t e r n a l  e n g i n e  
models more accura t e ly  than  the  second  mode l  t he  p rocesses  
o c c u r r i n g   i n   t h e   e n g i n e .  However, f o r   f i n d i n g   o p t i m a l  SST t ra jector ies ,  
i t  i s  s u f f i c i e n t  t o  c o n s i d e r  t h e  e n g i n e  m e r e l y  as a d e v i c e  f o r  c o n v e r t i n g  
t h e   i n p u t   v a r i a b l e s   ( t h e   t o t a l   p r e s s u r e   a n d   t e m p e r a t u r e  of  t h e  f r e e  
s t r e a m  a t m o s p h e r e ,  t h e  a i r c r a f t  Mach number,  and t h e  e n g i n e  power 
s e t t i n g )  i n t o  t h e  o u t p u t  v a r i a b l e s  ( t h r u s t  a n d  f u e l  c o n s u m p t i o n ) .  
Accord ingly ,  a second  model i s  d e r i v e d  by s i m p l i f y i n g  t h e  f i r s t  model 
t o  p rov ide  on ly  the  r equ i r ed  in fo rma t ion .  
B .  De ta i l ed   Eng ine  Model 
F igu re  4 shows a d i ag rammat i c  r ep resen ta t ion  of the engine and 
d e f i n e s  t h e  p o i n t s  a t  w h i c h  t h e  g a s  c o n d i t i o n s  w i l l  be cons idered .  
27  
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FIGURE 4 A DIAGRAMMATIC VIEW OF THE SST ENGINE 
1. Ram R e c o v e r y   a n d   C o m p r e s s o r   C h a r a c t e r i s t i c s  
T h e  t o t a l  p r e s s u r e *  p* a t  p o i n t  2 i s  d e t e r m i n e d   b y   t h e   r a m  
2 
r e c o v e r y ,  which f o r  a g i v e n  i n l e t  g e o m e t r y  d e p e n d s  o n  t h e  f l i g h t  Mach 
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FIGURE 5 RAM RECOVERY 
* T o t a l   t e m p e r a t u r e s   a n d   p r e s s u r e s  a r e  d e n o t e d   b y  s ta rs .  The  
r e l a t i o n s h i p  b e t w e e n  the  t o t a l  o r  s t a g n a t i o n  q u a n t i t i e s  a n d  t h e  
a c t u a l  t e m p e r a t u r e  a n d  p r e s s u r e  is g i v e n  i n  A p p e n d i x  A .  
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T h e  o p t i m a l  rotor s p e e d  N f o r  a g i v e n  e n g i n e  i s  a f u n c t i o n  o f  
t h e  t o t a l  t e m p e r a t u r e  (32 a t  2 ( w h i c h  is e q u a l  t o  t h e  t o t a l  t e m p e r a t u r e  
Bo I n  t h e  free s t r e a m ) .   T h e   r e l a t i o n s h i p  i s  t y p i c a l l y  a s  i n  F i g .  6. + .  
T h e  a i r f l o w ,  W , f o r  g i v e n  rotor s p e e d  a n d  t o t a l  c o n d i t i o n s  a t  p o i n t  





FIGURE 6 ROTOR SPEED  AS A  FUNCTION  OF  TOTAL  TEMPERATURE 
_bl 
TA-7386-5 
FIGURE 7 AIRFLOW AS A  FUNCTION  OF  ROTOR SPEED 
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airflow and total conditions at  point 2, the  compressor  characteristic 
shown in Fig. 8 can be  used to determine  the total pressure p*at 3. 
(It is assumed in the  derivation of this curve that the  compressor 




FIGURE 8 COMPRESSOR CHARACTERISTIC 
2 .  Cun ib t s to r ,   Turb ine ,   and   Af t e rbu rne r   Cha rac t e r i s t i c s  
The e f f ec t  of  the  compressor  and  combustor i s  t o  r a i s e  t h e  
i o t a 1  t e m p e r a t u r e  o f  t h e  g a s  a t  4 a b o v e  t h a t  a t  2 ,  a s  i n  F i g .  9 ;  8* 
4 
i n c r e a s e s  l i n e a r l y  w i t h  e* u n t i l  t h e  t e m p e r a t u r e  l i m i t a t i o n  of  t h e  
engine i s  r e a c h e d ,  a t  w h i c h  p o i n t  t h e  e n g i n e  c o n t r o l  p r e v e n t s  
f u r t h e r  i n c r e a s e .  
2 
The a f t e r b u r n e r  f u r t h e r  i n c r e a s e s  t h e  t o t a l  t e m p e r a t u r e  
8 a t  p o i n t  6 a c c o r d i n g  t o  t h e  power s e t t i n g  n of the   eng ine .  
F igu re  10 shows t h e  combined e f f e c t  of the  compressor ,   combustor ,  




FIGURE 9 TYPICAL  TOTAL  TEMPERATURE INCREASE 
DUE TO COMPRESSOR AND COMBUSTOR 





FIGURE 10 TYPICAL  TOTAL  TEMPERATURE  INCREASE 
DUE TO COMPRESSOR, COMBUSTOR, 
AND AFTERBURNER 
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The gas c o n d i t i o n  a t  5 ,  which i s  needed t o  de termine  the 
p r e s s u r e  drop  across  the  a f t e r b u r n e r ,  c a n  b e  f o u n d  by e q u a t i n g  t h e  work 
done by the compressor a n d  t h e  t u r b i n e ,  while a l l o w i n g  fo r  i n e f f i -  
c i e n c i e s ,  i .  e .  , 
where 
'$ i s  the t u r b i n e  e f f i c i e n c y  
Tc i s  t h e  c o m p r e s s o r  e f f i c i e n c y .  
Assuming a d i a b a t i c  c o m p r e s s i o n  i n  t h e  c o m p r e s s o r ,  
Y y 
1 
and  Eq .   (1)   can   be   rewr i t ten  
where 
x =  
C 
c y =  
* 
The t o t a l  p r e s s u r e  d r o p  a c r o s s  t h e  a f t e r b u r n e r  i s  a f u n c t i o n  o f  t h e  
t o t a l   t e m p e r a t u r e   i n c r e a s e   a c r o s s  i t ,  as  shown i n  F i g .  11. 
32 
06 - 05 
* *  
TA-7385-9 
FIGURE 11 AFTERBURNER  TOTAL PRESSURE DROP 
3 .  Computation  of N e t  Th rus t  
T h e   n e t   t h r u s t  T i s  de f ined   he re  a s  
N 
T = T - D ,  
N G r  
where 
T is t h e   g r o s s   t h r u s t   d u e   t o   e x p u l s i o n   o f   g a s  
D i s  t h e  ram d r a g   d u e   t o   s l o w i n g   o f   i n l e t   g a s .  
G 
r 
T h i s  d e f i n i t i o n  o f  n e t  t h rus t  i gnores  the  fo l lowing  d rags  no rma l ly  
a t t r i b u t e d   t o   t h e   e n g i n e :   t h e   i n l e t   s p i l l a g e   d r a g ,   w h i c h   a r i s e s  
whenever  not a l l  of t h e  a i r  c o r r e s p o n d i n g  t o  t h e  e n g i n e  i n l e t  a r e a  
a c t u a l l y  f l o w s  t h r o u g h  t h e  e n g i n e ;  t h e  i n l e t  c o w l  d r a g ,  w h i c h  a r i s e s  
b e c a u s e   t h e   e n g i n e   i n l e t   w a l l s   h a v e   f i n i t e   t h i c k n e s s   c a u s i n g  a 
s e p a r a t i o n  o f  t h e  a i r f l o w ;  a n d  t h e  n o z z l e  b o a t - t a i l  d r a g ,  w h i c h  a r i s e s  
b e c a u s e  t h e  n o z z l e  w a l l s  h a v e  f i n i t e  t h i c k n e s s .  
T h e   g r o s s   t h r u s t  T i s  d e f i n e d   a s  
G 
T = C T  
G g G I  9 
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where 
T i s  t h e   i d e a l  gross t h r u s t  
G I  
c a l l o w s   f o r   t h e   i n e f f i c i e n c y   o f   t h e   n o z z l e .  
g 
The i d e a l  g r o s s  t h r u s t  i s  g iven  by t h e  i d e a l  r a t e  o f  c h a n g e  o f  
momentum o f  t h e  e x h a u s t  g a s e s ,  i . e . ,  
where 
T = W A V  = 
G I  a 
H6 
i s  t h e  e n t h a l p y  a n d  k i n e t i c  e n e r g y  a t  6 
H i s  t h e   e n t h a l p y   o f   t h e   f r e e   s t r e a m   g a s .  
0 
The  nozzle   has  a c h a r a c t e r i s t i c  s i m i l a r  t o  t h a t  shown i n  F i g .  1 2 .  
The r a t i o  p /p can  be  computed from * 
6 0  




'6 K =  
2 
- * -  
p5 
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FIGURE 12 NOZZLE  CHARACTERISTIC 
The ram drag i s  computed from 
D = W V  
r a 0  9 
where 
V 0 = M n T  
I I 
4 .  Fuel/Air  Ratio and S p e c i f i c   F u e l  Consumption 
~~ ~- " 
The f u e l / a i r  r a t i o  f i s  g i v e n  by 
where 
f i s  the   combustor   fue l /a i r   ra t io  




For  a c r u d e  c a l c u l a t i o n  o f  f the  fo l lowing  formulas  may be used: 
where 
XG is t h e  c o m b u s t i o n  e f f i c i e n c y  of t h e  g a s  g e n e r a t o r  
$ A/B is t h e  c o m b u s t i o n  e f f i c i e n c y  of t h e  a f t e r b u r n e r  
i s  the  hea t  ob ta ined  f rom a u n i t  mass of f u e l  
and e* may be found from 
3 
The s p e c i f i c  f u e l  c o n s u m p t i o n  is g iven  by 
w l '  
a 
SFC = - 
T 
N 
C .  A Simpl i f ied   Engine  Model f o r  ." T r a j e c t o r y  .~~ Optimizat ion ~. -. 
.~ . 
S i n c e  t h e  i n t e r n a l  v a r i a b l e s  of t h e  e n g i n e  a r e  n o t  n e e d e d  f o r  
t r a j e c t o r y  o p t i m i z a t i o n ,  i t  i s  d e s i r a b l e  t o  f i n d  d i r e c t  r e l a t i o n s h i p s  
between t h e  i n p u t  and   ou tpu t   va r i ab le s .  I t  has   been   found  tha t   for  a 
given power s e t t i n g ,  t h e  r a t i o  T  /p* is a s ing le -va lued  func t ion  of 
N 2  
t h e  r a t i o  e*/e* F i g u r e  13 shows a fami ly   o f   curves ,   der ived   f rom 
theore t ica l   per formance  of a t y p i c a l  SST e n g i n e .   F o r   t h e  same eng ine ,  
t h e   c u r v e s   r e l a t i n g  e* t o  8 ( .as i n  F i g .  10) a r e   g i v e n   i n   F i g .   1 4 .  
The  two c h a r a c t e r i s t i c s  c a n  a l s o  b e  c o m b i n e d  i n t o  a s i n g l e  r e l a t i o n -  




N 2  0' 















FIGURE 13 THRUST AS A FUNCTION OF Bfs * a 
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FIGURE 14 TOTAL TEMPERATURE  INCREASE DUE TO 
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FIGURE 1 5  THRUST AS A FUNCTION OF e*, 
been  found  tha t  t he  fue l  f l ow,  Waf, can  be  found from a s i n g l e  r e l a t i o n -  
sh ip  be tween  W f/p*  and e* a s  shown i n  F i g .  1 6 .  
a 2  0’ 
To summarize, t h e  s t e p s  r e q u i r e d  t o  u s e  t h e  s i m p l i f i e d  e n g i n e  
model a r e  a s  follows: 
(1) Compute t h e   t o t a l   c o n d i t i o n s   i n   t h e  free s t ream p * * and 
0 ’  eo, 
t h e  a i r c r a f t  Mach number, M 
n 
( 2 )  Using  Fig.  5, o b t a i n   t h e   t o t a l   p r e s s u r e ,  
( 3 )  Using   F ig .  15,  o b t a i n  t h e  n e t  t h r u s t ,  T 
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FIGURE 16 FUEL FLOW AS A FUNCTION OF 0: 
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D. Conclusions 
Two models   for   an SST eng ine   have   been   p re sen ted .   The   f i r s t  
r equ i r e s  t he  computa t ion  of a number of i n t e r n a l  e n g i n e  v a r i a b l e s  a s  
an i n t e r m e d i a t e  s t e p  b e t w e e n  t h e  i n p u t  v a r i a b l e s  a n d  t h e  o u t p u t  
v a r i a b l e s  o f  t h r u s t  a n d  f u e l  f l o w .  The  second  model  minimizes  the 
number o f  i n t e r n a l  v a r i a b l e s  and c o n s i s t s  e s s e n t i a l l y  o f  j u s t  two 
f a m i l i e s   o f   c u r v e s .  As a r e s u l t  t h e  s e c o n d  model  can r e a d i l y  b e  
t r a n s f o r m e d  i n t o  two a n a l y t i c a l  e x p r e s s i o n s  by f i t t i n g  p o l y n o m i a l s  
to t h e  c u r v e s  Of F i g s .  15 and 16 i n  t h e  r e g i o n s  o f  most i n t e r e s t .  
(See Sec. I-C-3 of P a r t  T h r e e ) .  
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I1 THE ATMOSPHERE 
A .  I n t r o d u c t i o n  
I n   t h i s   s e c t i o n ,   m o d e l s   o f   t h e   a t m o s p h e r e   a r e   c o n s i d e r e d .   F i r s t   t h e  
v a r i a t i o n  o f  t e m p e r a t u r e  w i t h  a l t i t u d e  a t  a g iven  geograph ic  loca t ion  is 
c o n s i d e r e d ;  t h e n  t h e  v a r i a t i o n  o f  t e m p e r a t u r e  a t  c r u i s e  a l t i t u d e s  is 
cons idered   as  a va r i a t ion   o f   geograph ic   l oca t ion .  To i l l u s t r a t e  t h e  
ex t reme case ,  po lar  routes  were  cons idered  for  the  expos i t ion  of  geo- 
g r a p h i c   v a r i a t i o n s .  
B. A l t i t u d e   T e m p e r a t u r e   P r o f i l e s  
~~~ 
In  t h e  r e g i o n  of i n t e r e s t  t o  an SST, t h e  t e m p e r a t u r e  p r o f i l e  c a n  be 
closely approximated as  d e c r e a s i n g  l i n e a r l y  up t o  an a l t i t u d e  c a l l e d  t h e  
t ropopause,   a t   which  point  it becomes cons t an t .   Th i s  i s  borne o u t  i n  
F igs .  17-19. I n   a l l   t h r e e   f i g u r e s ,   t h e   l a p s e   r a t e   ( i . e . ,   r a t e   o f   c h a n g e  
of tempera ture  w i t h  a l t i t u d e )  is v e r y  c l o s e  t o  a cons tan t  (and  the  same 
c o n s t a n t )  below the   t ropopause .   Fu r the rmore ,   on ly   i n   t he   equa to r i a l  
c a s e   ( F i g .  19) does   t he   t empera tu re   va ry   s ign i f i can t ly   f rom a cons t an t  
above the t ropopause.  
C. Po lar   Region   Tempera ture   Dis t r ibu t ions  
S t u d i e s  by Kochanski,  Godson,'  Lee,'  Behr e t  a l .  ,' and o t h e r s  h a v e  5 
d e m o n s t r a t e d  t h a t  t h e r e  a r e  g r e a t  v a r i a t i o n s  i n  t e m p e r a t u r e  d u r i n g  t h e  
w i n t e r  i n  t h e  p o l a r  r e g i o n s  a t  a l t i t u d e s  w h i c h  w i l l  p robably  serve  a s  
c r u i s e  a l t i t u d e s  f o r  s u p e r s o n i c  t r a n s p o r t  v e h i c l e s  t h a t  m i g h t  o p e r a t e  
o v e r   t r a n s p o l a r   r o u t e s .   L a r g e   v a r i a t i o n s   i n   t h e s e   t e m p e r a t u r e s   o c c u r  
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I n  a l l  p r o b a b i l i t y ,  a  number  of supersonic  t ranspor t  rou tes  be tween 
major  popula t ion  centers  of the  wor ld  w i l l  p e n e t r a t e  p o l a r  r e g i o n s  i n  
p a r t ,   i f   t h e y   a r e   n o t  i n  f a c t   t r a n s p o l a r   r o u t e s .   T h e r e f o r e ,  an important 
and t i m e l y  c o n s i d e r a t i o n  is  the  poss ib l e  impac t  o f  t empera tu re  va r i a t ions  
i n  p o l a r  r e g i o n s  on s u p e r s o n i c  t r a n s p o r t  o p e r a t i o n s  d u r i n g  t h e  c r u i s e  
phase.  
The fo l lowing  no te s  a re  in t ended  f irst  to  p re sen t  examples  cha rac -  
t e r i z i n g  t e m p e r a t u r e  d i s t r i b u t i o n s  and t h e i r  v a r i a t i o n s  from  a s e r i e s  of 
maps'k analyzed by Behr e t .  a1.' i n  t h e  p o l a r  r e g i o n s  d u r i n g  w i n t e r ,  a n d ,  
second,  to  demonstrate  f rom these maps the  ranges  of tempera tures  e n -  
countered over  two s e l e c t e d  p o l a r  r o u t e s  o n  t he  d a y s  i l l u s t r a t e d .  
D. Tempera tu re  Di s t r ibu t ions  
The maps c h a r a c t e r i z i n g  J a n u a r y  t e m p e r a t u r e  d i s t r i b u t i o n s  i n  t h e  
nor thern  hemisphere  polar  reg ion  dur ing  seasons  of e a r l y  and l a t e  p o l a r  
warming a r e   p r e s e n t e d   i n   F i g s .  20 ( a ) - ( e )  and 2 1  ( a ) - ( d ) .   F i g u r e s  20 (a)- 
( e )  a r e  fo r  January  1963-- th is  win ter  season  was one  in  wh ich  ea r ly  ( in  
January--so-cal led explosive)  warming of t he  po la r  r eg ions  occur red .  
F igu res  2 1  ( a ) - (d )  a r e  fo r  J anua ry  1964- - in  th is  win te r  s eason  the  
p o l a r  warming  was  gradual  and l a t e  ( i n  M a r c h ) .  T h e s e  maps s e r v e  t o  
i l l u s t r a t e  t h e  d i s t r i b u t i o n  of  temperature  and t e m p e r a t u r e  g r a d i e n t s  t h a t  
* These maps a r e   a v a i l a b l e   o n l y  for 30 mbs (78,500 f e e t ) .  However, a t  
l o w e r  a l t i t u d e s  ( p r o b a b l e  a l t i t u d e s  of SST o p e r a t i o n s ) ,  s i m i l a r  
d i f f e r e n c e s  i n  t e m p e r a t u r e s  and g r a d i e n t s  p r e v a i l  s i n c e  t h e  p rev ious ly  
d i scussed  a tmosphe r i c  cond i t ions  a re  r e f l ec t ed  i n  t h e  p r e s s u r e  and 
t empera tu re  f i e ld  th roughou t  t he  u p p e r  a tmosphere  in  the  polar  reg ions  
of t h e   n o r t h e r n   h e m i s p h e r e .   I n   f a c t ,   t h e  mean p o s i t i o n s  of t h e  l e v e l  
of maximum wind  speed ( j e t  s t r e a m  c o r e )  i s  a t  a b o u t  20 k i lome te r s  
( 6 7 , 6 1 7  f e e t ) ,  more n e a r l y  t h e  p r o b a b l e  c r u i s e  a l t i t u d e  o f  t h e  s u p e r -  
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occur  and  the  va r i a t ions  of t h e s e  d i s t r i b u t i o n s  d u r i n g  any given winter  
of from one winter t o  t h e  n e x t .  
During January 1963 [F igs .  20 (.)-(e)] thec i r cumpola r  vo r t ex  o f  co ld  
a i r  was  p redominan t ly  nea r ly  concen t r i c  w i th  the  po le  du r ing  the  f irst  
h a l f  of t h e  month [F igs .  20 ( a )  and (b)]. In  the  midd le  of t h e  month t h e  
c o l d  c o r e  s p l i t  i n  t w o ,  w i t h  o n e  l o b e  of minimum tempera ture  over  nor thern  
Russia  and t h e  o t h e r  o v e r  sou the rn  Canada and extending into the Bering 
Sea [see F i g s . 2 0  ( c )  and ( d ) ] .  D u r i n g  t h i s  p e r i o d  t h e  i s o t h e r m a l  p a t t e r n s  
became  narrow  and e longa ted ,  and warm a i r  c o r e s  became juxtaposed  on 
b o t h   s i d e s   o f   t h e   c o l d   a i r .   T h u s   t h e  maximum t e m p e r a t u r e   g r a d i e n t s   i n  t h e  
po la r  r eg ion  no r th  of 45' Nor th  La t i tude  occur red  on t h e  1 9 t h  ( n o t  i l l u s -  
t r a t e d )  and 23rd   o f   January   [F ig .   20(d) ] .  The a b s o l u t e  maximum g r a d i e n t  
of I o C  pe r  36 km occurred  on the  23rd  of  January.  However, v i s  'a v i s  t h e  
two t r a n s p o l a r  r o u t e s  s e l e c t e d ,  t h e  o r i e n t a t i o n  of t he  i so the rms  was 
s u c h  t h a t  a t  t h e s e  a l t i t u d e s  o n l y  a smal l  enroute  tempera ture  change  
would r e s u l t .  
By t h e  29th of  January [Fig.  20 ( e ) ]  exp los ive  warming  had occur red ,  
and c o l d  a i r  was  completely  absent   f rom  the  polar   regions.   Temperatures  
i n  t h e s e  r e g i o n s  had  increased  in   excess   of  4OoC, and t h e  g r a d i e n t s  were 
v e r y  weak. 
Dur ing  the  month  of January  1964,  the  co ld  core  of  low tempera tures  
p e r s i s t e d  for most  of t h e  month [see F i g s .  2 1  ( a ) - ( d ) ]  a s  a s i n g l e  e l o n g a t e d  
a rea   o f  low t empera tu res   eccen t r i c   w i th   t he   po la r   eg ions .   Throughou t  
t h e  p e r i o d ,  t h e  c o l d  c o r e  w a s  d i s p l a c e d  over Sibe r i a ,  Nor the rn  Ch ina ,  
and  Japan. Also  an  ex tens ive  r eg ion  o f  warm a i r  p e r s i s t e d  f o r  t h e  e n t i r e  
month j u x t a p o s e d  a l o n g  t h e  P a c i f i c  Ocean perimeter o f  t h e  c o l d  a i r .  
S t r a t o s p h e r i c  warming of t h e  p o l a r  r e g i o n s  d i d  n o t  o c c u r  u n t i l  t h e  l a s t  
f e w  d a y s  i n  March  and  was gradual  and no t  exp los ive .  
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Figure 22 shows  the  latitudinal  distribution  (in 5' increments) of 
temperatures fo r  two days in January 1963 and 1964  over  the  polar  regions 
of the  northern  hemisphere  along  a  meridian  through  the pole. 
Note the following: 
The wide divergence in temperature  distribution  between  the 
middle and the end of  the  month  of  January  1963 
The near  coincidence of the  distribution  on  January  16th and
29th, 1964 
The near  coincidence  of  the  temperature  distribution in the 
mid-month  of  January  1963 and January 1964 
The difference in temperature  distributions at the end of 
January  1963 when compared  with  the nd of January 1964. 
The effects of early  so-called  explosive  warming  are  quite  striking. 
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FIGURE 22 COMPARISON  OF  TEMPERATURE  DIFFERENCES  AT 30mbs DURING SELECTED 
DAYS  IN  JANUARY, 1963 AND 1964, FOR 5' INCREMENTS  NORTH  OF  LATI- 
TUDE 45" N ALONG THE Oo-1800 MERIDIAN THROUGH THE NORTH POLE 
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between  that   on  January  29,   1963,  and t h a t  on January  29,  1964. I t  must 
a l s o  be  emphasized t h a t  af ter  such  warming  occurs   the  temperatures   in  
t h e  p o l a r  r e g i o n s  a t  s u p e r s o n i c  c r u i s e  a l t i t u d e s  r e m a i n  f a i r l y  h i g h  and 
t h e  g r a d i e n t s  f a i r l y  small .  
Moreove r ,  t he  g rad ien t s  a r e  r eve r sed ,  so t h a t  from  year t o  y e a r  t h e  
c o l d e s t  and warmest temperatures along a c r o s s p o l a r  r o u t e  w i l l  be  en- 
coun te red  in  reverse o rde r .  
F u r t h e r  i l l u s t r a t i o n s  o f  t h e  v a r i a t i o n  and p e r s i s t e n c e  i n  t e m p e r a t u r e  
and t e m p e r a t u r e  g r a d i e n t s  t h a t  e x i s t  i n  t h e  p o l a r  s e g i o n s  a r e  t h e  mean 
monthly  temperature maps fo r  Februa ry  1956 and 1957 [F igs .  23  ( a )  and (b), 
respectively]. '   February  1956 showed  no e f f e c t s  of e a r l y   e x p l o s i v e  warm- 
ing ,  and i n  f a c t  t h e  minimum tempera tures  (-103OC) are   cons iderably   lower  
(approximate ly  18OC) than  in   January  1964.   In   February  1957,  a yea r   i n  
which explosive warming was a l so  ev iden t ,  t he  h ighes t  t empera tu res  were  
equa l  t o  those  in  Janua ry  1963 .  
E.  Route  Temperatures and Grad ien t s  
Two routes  were  se lec ted  connec t ing  c i t ies  (Winnipeg ,  Canada;  
Fa i rbanks ,   Alaska ;  and  Stockholm,  Sweden) a t  h i g h  l a t i t u d e s  t h a t  m 
l o g i c a l l y  s e r v e  a s  t h e  t e r m i n a l s  o f  a i r  r o u t e s  o v e r  w h i c h  s u p e r s o n  
i g h t  
i c  
t r a n s p o r t s   m i g h t  be  operated.   Considerat ion of t he   t empera tu res  and 
tempera ture  changes  a t  these  te rmina ls  and en rou te  t empera tu re  g rad ien t s  
and v a r i a t i o n s  a t  n e a r  p r o b a b l e  o p e r a t i n g  a l t i t u d e s  m i g h t  serve t o  i n d i -  
c a t e  t h e  e x t e n t  of t he  p rob lems  these  t empera tu re  d i s t r ibu t ions  may pose 
t o   s u p e r s o n i c   t r a n s p o r t   o p e r a t i o n s   o v e r   c r o s s p o l a r   t e r m i n a l   r o u t e s .   F o r  
each of t h e  d a y s  i l l u s t r a t e d ,  t e m p e r a t u r e  d i s t r i b u t i o n s  and g r a d i e n t s  
a t  a l t i t u d e s  p r o x i m a l  t o  t h e  SST c r u i s e  a l t i t u d e  a l o n g  t h e s e  two pre- 
se lec ted  t ranspolar  routes  (Winnipeg  - Stockholm and Fa i rbanks  - Stockholm) 
were  obta ined  f rom the  i so thermal  ana lys i s  of  the  maps i l l u s t r a t e d  i n  
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(b) FEBRUARY 1957 
SOURCE:  Reference 8.  
FIGURE 23 HORIZONTAL  DISTRIBUTION  MEAN  MONTHLY TEMPERATURES 
AT 30mbs OVER THE  NORTH  ATLANTIC FOR FEBRUARY 1956 
AND 1957. 
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i g s .  20 ( a ) - ( e )  and 2 1  ( a ) - ( d )  . T h e s e  d i s t r i b u t i o n s  a s  w e l l  a s  t h e  
e m p e r a t u r e s  ( a t  30 mbs, 7 8 , 5 0 0  f e e t )  a t  t h e  t e r m i n a l s  of t h e  r o u t e s  a r e  
i v e n  i n  T a b l e  V a s  fo l lows :  
(1) T e m p e r a t u r e s   a t   h e   t e r m i n a l s  
(2)   Tempera ture   d i f fe rences   be tween  the   t e rmina ls  
( 3 )  Maximum enrou te   t empera tu re   d i f f e rences  
( 4 )  D i s t ance   i n   k i lome te r s   pe r   deg ree   cen t ig rade   be tween   t he  
-5OOC and t h e  -7OOC i s o t h e r m s  i n  t h e  p o l a r  r e g i o n s  a t  30 mbs 
( 5 )  Maximum g r a d i e n t s  ( k m / ' C )  f o r  any combination a t  20°C. 
The l o w e s t  t e m p e r a t u r e s  i n  t h e  p o l a r  r e g i o n s  ( l i n e  1) i n  b o t h  y e a r s  
vere  equal  throughout most of  January ,  wi th  the  most o b v i o u s  d i f f e r e n c e s  
in   our   data   sample)  on  29  January. The warmes t   t empera tu res   ( l i ne   2 )  
.vere a l s o  f a i r l y  c l o s e  i n  b o t h  y e a r s ,  e x c e p t  i n  t h e  l a t t e r  p a r t  of t h e  
nonth,  and a l o n g  t h e  s e l e c t e d  r o u t e s  t h e  maximum e n r o u t e  d i f f e r e n c e s  
; l i n e s  7  and 11) were   cons iderably  less in  1963  than  in   1964.  Very much 
the  same p a t t e r n  was in  ev idence  ove r  t h e  e n t i r e  p o l a r  r e g i o n s  a s  r e -  
f l e c t e d  i n  t h e  maximum gradien ts  found anywhere  in  the  polar  reg ions ,  
when expressed  as  grad ien ts  be tween the  -5OOC and -7OOC i s o t h e r m s  ( l i n e  1 2 )  
o r  any other   combinat ion of 2OoC temperature   range ( l i n e  1 3 ) .  The absence 
of informat ion  on l i n e  13 i n d i c a t e s  t h a t  t h e  -5OOC t o  -7OOC isotherms  form 
the  only  2OoC i s o t h e r m a l  g r a d i e n t  i n  t h e  l a t i t u d e s  n o r t h  of 45'. 
Enroute maximum tempera ture  d i f fe rences  be tween Winnipeg  and Stock- 
holm ( l i n e  7 )  on 29 January in  both years  were almost  equal  (25OC and 
26OC, r e s p e c t i v e l y ) ,  b u t  t h e y  o c c u r r e d  a t  d i f f e ren t   ambien t   t empera tu res .  
Along the Fairbanks-Stockholm routes  on these d a y s  t h e r e  was both a l a r g e  
d i f € e r e n c e  i n  t h e  maximum e n r o u t e  t e m p e r a t u r e  d i f f e r e n c e s  ( l i n e  11) and t h e  
ambien t   t empera tu res   ( l i ne  8  and 9 ) .  The o r i e n t a t i o n  of t h e  i so thermal  
f i e l d  w i t h  r e s p e c t  t o  a g i v e n  r o u t e  d i c t a t e s  t h e  g r a d i e n t s  t h a t  w i l l  be 
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Table V 
DISTRIBUTION OF  TEMPERATURES  AT 30 mbs (78 ,500  FEET)FOR  SELECTED  AYS 















45'N t o  90'N 
Coldest   Temperature C 
Warmest Temperature 'C 
Di f fe rence  ' C 
Winnipeg Temperature 
Stockholm Temperature 
Dif fe rence  
Maximum Enroute Temp. Di f f .  
Fairbanks Temperature 
Stockholm Temperature 
Dif fe rence  
Maximum Enroute  Temp. D i f f .  
Maximum Gradient  km/' C 
-70' t o  -50' 
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encoun te red .   The   d i s t r ibu t ion  o f   ambien t   t empera tu re   i n   t he   po la r  
r e g i o n s  for a given winter  depends on whether  or no t  exp los ive  warming 
has  occurred .  
I n  most i n s t a n c e s  t h e  e n r o u t e  g r a d i e n t s  ( l i n e s  7 and 11) i n  
January 1964 were almost  twice those  i n  January 1963. 
If s u c h  t e m p e r a t u r e  v a r i a t i o n s  a r e  s i g n i f i c a n t  f a c t o r s  i n  c r u i s e  
f u e l  c o n s u m p t i o n  i n  s u p e r s o n i c  t r a n s p o r t  o p e r a t i o n s ,  t h e n  f u r t h e r  s t u d i e s  
should be made of t h e  d e t a i l s  of  temperatures  and temperature  changes 




A .  I n t r o d u c t i o n  
A p r e r e q u i s i t e  to  the development of a mathematical  model for  con- 
trol of a n  SST a i r c r a f t  is t h e  i n v e s t i g a t i o n  of e x i s t i n g  a n d  p l a n n e d  a i r -  
c r a f t   i n s t r u m e n t a t i o n   s y s t e m s .  The  purpose of t h i s  s e c t i o n  is to  l ist  
t h e   c o m m e r c i a l   a i r c r a f t   i n s t r u m e n t a t i o n   s y s t e m s   c u r r e n t l y   a v a i l a b l e .  The 
r a n g e s  a n d  a c c u r a c i e s  a r e  p r e s e n t e d  f o r  t h o s e  s y s t e m s  w i t h  known a c c u r a c i e s .  
T h i s  s e c t i o n  c o n s i d e r s  f l i g h t ,  n a v i g a t i o n ,  e n g i n e  s e n s o r s ,  a n d  d i g i -  
t a l  c o m p u t e r s .  F l i g h t  i n s t r u m e n t s  u s e d  t o  c o n t r o l  a n  a i r c r a f t  i n  p l a n a r  
f l i g h t   a r e   c o n s i d e r e d  f i r s t .  The r e m a i n i n g   f l i g h t   i n s t r u m e n t s   a r e  
desc r ibed   i n   t he   r ema inde r   o f   Sec .  C .  Nav iga t ion   sys t ems   a r e   d i scussed  
in  Sec .  D,  and a d e s c r i p t i o n  of p r e s e n t - d a y  a i r b o r n e  d i g i t a l  c o m p u t e r s  is 
con ta ined   i n   Sec .  E .  E n g i n e   s e n s o r s   a r e   d e s c r i b e d   i n   S e c .   F .  A d e f i n i t i o n  
of terms used is g i v e n  i n  S e c .  B. 
I B. D e f i n i t i o n   o f  Terms 
Di rec t -Sens ing  F l igh t  In s t rumen t s - -Di rec t - sens ing  f l i gh t  i n s t rumen t s  
t r a n s d u c e  p h y s i c a l  p r o p e r t i e s  of t h e  a i r c r a f t  e n v i r o n m e n t  i n t o  s i g n a l s  
which can be used t o  i n d i c a t e  a c h a r a c t e r i s t i c  of t h e  a i r c r a f t  m o t i o n .  
G e n e r a l l y ,  f l i g h t  i n s t r u m e n t s  m e a s u r e  q u a n t i t i e s  r e l a t e d  t o  t h e  s t a t e  of 
t h e  a i r c r a f t ,  a n d  o f t e n  t h e y  p r o v i d e  a d i r e c t  measurement of a s t a t e  
v a r i a b l e .  The term s t a t e  is used to  d e s c r i b e  a se t  of nonredundant   var i -  
a b l e s  t h a t ,  when p e r f e c t l y  known, may be used t o  compute t h e  f u t u r e  
behavior  of t h e  a i r c r a f t .  The r e l a t ion   be tween   t he   s ensed   phys i ca l   quan-  
t i t y  a n d  t h e  o u t p u t  of t h e  i n s t r u m e n t  is bo th  one  to  one and a s  n e a r  l i n e a r  
a s  is p r a c t i c a l .  
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Computed-Output  Flight  Instruments--Computed-output  flight  instru- 
ments  present  flight  variables  that re generally  a  function of several 
variables. The outputs  usually  represent  states of the  aircraft  motion. 
The  relation  between  the  sensed  quantity  and  the  instrument  output is 
generally  nonlinear. 
Gyro-Driven  Flight  Instruments--Gyro-driven  instruments are gener- 
ally  stabilized  by  gyroscopes.  These  instruments  provide  indications  of 
aircraft  attitude. 
External-Referenced  Navigation  Instruments--External-referenced 
navigational  instruments  depend on external  references or position  fixes. 
These  references  may be radio  transmitters,  optical  devices, stars, 
satellites, or visual  landmarks. 
Internal-Referenced  Navigation  Instruments--Internal-referenced 
navigation  aids  require no external  sources. The  Doppler  radar  and 
inertial  systems  fall  into  this  class. 
Direct-Sensing  Engine  Instruments--Direct-sensing  engine  instruments I 
have  characteristics  similar  to  those of direct-sensing  flight  instruments. 
The physical  quantities  sensed are usually  of  the  static  type  rather  than 
dynamic. For example,  engine  pressure  is  a  static  quantity  whereas  the 
airspeed  indicator  operates on dynamic  pressure. 
Computed-Measurement  Engine  Instruments--Computed  quantities  may  be 
nonlinear  functions of several  variables.  On-off  sensors f i t  i n t o  t h e  
computed-measurement  category  also. 
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Genera l -Purpose   Compute r s - -A   gene ra l -pu rpose   compute r   has  software 
p r o g r a m m i n g   c a p a b i l i t y .   S e v e r a l   f u n c t i o n s  may be s e r v i c e d   a l m o s t   s i m u l -  
t a n e o u s l y .   R e p r o g r a m m i n g  is p o s s i b l e ,   a n d  memory a l l o c a t i o n s  a r e  n o t   f i x e d .  
S p e c i a l - P u r p o s e  C o m p u t e r s - - A  s p e c i a l - p u r p o s e  c o m p u t e r  s e r v e s  o n l y  o n e  
f u n c t i o n .  I t  is u s u a l l y   h a r d w i r e d ;  i .e . ,  no   reprogramming is a v a i l a b l e .  
Computer  memory is u s u a l l y   p r e a l l o c a t e d .   T h e   c o m p u t e r s   a s s o c i a t e d   w i t h  
t h e  i n e r t i a l  n a v i g a t o r s  a r e  u s u a l l y  of t h e   s p e c i a l - p u r p o s e   t y p e .  
C. On-Board Je t  T r a n s p o r t   F l i g h t   I n s t r u m e n t a t i o n  
. ~ " 
1. G e n e r a l  
I t  w i l l  b e   a s s u m e d   t h r o u g h t  t h i s  s e c t i o n  t h a t  t h e  o u t p u t  of a l l  i n s t r u -  
men t s  may be c o n v e r t e d  i n t o  a d i g i t a l  s i g n a l  a n d  s t o r e d  i n  t h e  memory of 
a g e n e r a l - p u r p o s e   c o m p u t e r .   T h i s   d o e s   n o t   i m p l y   t h a t   t h e   o u t p u t s  of a l l  
a i r c r a f t  s e n s o r s  w i l l  b e  d i g i t a l l y  e n c o d e d  b u t  s i m p l y  t h a t  t h e  c a p a b i l i t y  
t o  c o n v e r t   a n a l o g  t o  d i g i t a l  s i g n a l s  is g e n e r a l l y  a v a i l a b l e  i n  t h e  a i r c r a f t .  
T h e  d e f i n i t i o n s  g i v e n  a b o v e  a p p l y  to  t h e   r e m a i n d e r  of t h i s  r e p o r t .  
2.  F l i g h t   I n s t r u m e n t s  
a .   G e n e r a l   I n t r o d u c t i o n  
A minimum of t w e l v e  q u a n t i t i e s  a r e  r e q u i r e d  t o  d e f i n e  t h e  s t a t e  
of a n  a i r c r a f t :  P o s i t i o n  a n d  v e l o c i t y  v e c t o r s  of t h e  a i r c r a f t  c e n t e r  o f  
g r a v i t y ,   a n d  r o l l ,  p i t c h ,   a n d   y a w ,   a n d   t h e i r   r e s p e c t i v e   r a t e s .   F l i g h t  
i n s t r u m e n t s  p r o v i d e  t h e  p i l o t  w i t h  i n d i c a t i o n s  of t h e  c u r r e n t  s t a t e  of h i s  
a i r c r a f t  . 
F l i g h t  i n s t r u m e n t s  may a l s o  b e  d e s c r i b e d  a s  t h o s e  a i r c r a f t  i n s t r u -  
m e n t s  r e q u i r e d  to  m a i n t a i n  s t r a i g h t  a n d  l e v e l  f l i g h t  w i t h o u t  e x t e r n a l  ref- 
e r e n c e s .   A l t h o u g h   t h i s   d e f i n i t i o n  is o v e r l y   r e s t r i c t i v e ,  i t  d o e s   r e p r e s e n t  
a c e r t a i n  c l a s s  o f  a i r c r a f t  s e n s o r s .  
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b. A v a i l a b l e   I n s t r u m e n t a t i o n  
The f l i g h t  i n s t r u m e n t s  g e n e r a l l y  a v a i l a b l e  i n  j e t  t r a n s p o r t  
a i r c r a f t  a r e  b r i e f l y  d e s c r i b e d  b e l o w .  T y p i c a l  a c c u r a c i e s  a n d  r a n g e s  
a r e  a l s o  p r e s e n t e d .  I n s t r u m e n t s  a r e  l i s t e d  i n  o r d e r  of d e c r e a s i n g  u t i l i t y  
f o r  p l a n a r  f l i g h t .  
A i r s p e e d - - T h e  a i r s p e e d  i n d i c a t o r  p r e s e n t s  a n  i n d i c a t i o n  o f  t h e  
d i f f e r e n c e  between d y n a m i c  p r e s s u r e  a n d  s t a t i c  p r e s s u r e .  A dynamic  pres- 
s u r e  p r o b e  is l o c a t e d  i n  t h e  f r e e  a i r s t r e a m  o f  t h e  a i r c r a f t - - g e n e r a l l y  
f o r  j e t  t r a n s p o r t  t y p e  a i r c r a f t  o n  t h e  l e a d i n g  e d g e  of the wing or o n  t h e  
a i r c r a f t   n o s e .  Range  and  accuracy  are  
Range  Accuracy 
50 k n o t s   t o  1000 k n o t s  f2 k t s  > 200 k t s ;  fl k t s  < 200 k t s  . 
Alt imeter - -The  a l t i tude  above  a g i v e n  r e f e r e n c e  is i n d i c a t e d  
by t h e   b a r o m e t r i c   a l t i m e t e r .  The most common r e f e r e n c e  is  s e a  l e v e l ;  
however, f o r  c e r t a i n  o p e r a t i o n s  o u t  o f  a s i n g l e  a i r p o r t  t h e  a l t i m e t e r  is 
r e f e r e n c e d  to  a i r p o r t  e l e v a t i o n .  The a l t i m e t e r  t h e n  r e a d s  a l t i t u d e  a b o v e  
s u r f a c e   l e v e l  (ASL).  The bas i s   o f   t he   i n s t rumen t   works  is a n   a e r o n a u t i c a l  
barometer ;  a bourdon  tube is  usua l ly   used .  Range  and  accuracy  of  al t im- 
eters vary   cons iderably .   The   range   and   accuracy   quoted   be low  a re  for 
t he  h igh -pe r fo rmance  des ign  spec i f i ca t ions  fo r  t h e  C-5 a i r c r a f t :  
Ra nge 
-1000 to  +120,000 f e e t  
Accuracy 
*10 f t  . 
V e r t i c a l  Speed   Ind ica to r - -The   ve r t i ca l   speed   i nd ica to r  is simi- 
l a r  t o  t h e  a l t i m e t e r  i n  t h e  s e n s e  t h a t  it s e n s e s  a p r e s s u r e  v a r i a b l e .  
However, r a t e  o f  c h a n g e  o f  p r e s s u r e  is sensed  by  measur ing  the  absolu te  
p r e s s u r e  i n  a chamber w i t h  a s m a l l  o r i f i c e  l e a d i n g  t o  t h e  s t a t i c  p r e s s u r e  
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s o u r c e .  An i n c r e a s e  i n  a l t i t u d e  w i l l  c a u s e  a i r  t o  flow from the chamber  
t h r o u g h  t h e  o r i f i c e  to  t h e  s t a t i c  p r e s s u r e  s o u r c e ;  h e n c e  t h e  d e c r e a s e  
i n  p r e s s u r e  i n  t h e  c h a m b e r  i n d i c a t e s  t h e  r a t e  of climb of t h e  a i r c r a f t .  
H i g h - p e r f o r m a n c e  i n s t r u m e n t s  h a v e  t h e  f o l l o w i n g  s p e c i f i c a t i o n s :  
- Range 
0 t o  f40,OOO f t / m i n  
A c c u r a c y  
7 5  to  5 0 0   f t / m i n  . 
P i t c h  I n d i c a t o r - - T h e  p i t c h  a n g l e  of t h e  a i r c r a f t  is measured  
by t h e   t o r q u e   r e q u i r e d  t o  m a i n t a i n  a g y r o   i n  a g i v e n   o r i e n t a t i o n .   P r e -  
s e n t a t i o n  is g e n e r a l l y   t h r o u g h   t h e   a r t i f i c i a l   h o r i z o n .   R a n g e   a n d   a c c u r a c y  
are 
- Range 
-15 to  +15' 
Accuracv  
V a r i a b l e  . 
A r t i f i c i a l  H o r i z o n - - T h e  a r t i f i c i a l  h o r i z o n  is a c o n s o l i d a t i o n  
o f  t h e  p i t c h  a n d  b a n k  a n g l e  i n s t r u m e n t s  i n t o  a s i n g l e  p i l o t  p r e s e n t a t i o n .  
A f i x e d  a i r c r a f t  r e f e r e n c e  is a t t a c h e d   t o   t h e   i n s t r u m e n t   c a s e ,   a n d   p i t c h  
a n d  b a n k  a n g l e s  a r e  i n d i c a t e d  b y  a r o t a t i n g  b a l l  i n s i d e  t h e  i n s t r u m e n t  
c a s e .   T h e   a m o u n t   o f   r o t a t i o n  is p r o p o r t i o n a l   t o   t h e   c u r r e n t   r e q u i r e d  
t o r q u e   t o   r e p o s i t i o n   t h e   g y r o s  to  t h e i r   r e f e r e n c e d   p o s i t i o n s .   R a n g e   a n d  
a c c u r a c i e s  a r e  i d e n t i c a l  t o  t h o s e  i n d i c a t e d  a b o v e  f o r  t h e  p i t c h  a n d  b a n k  
a n g l e  m e a s u r e m e n t s .  
A n g l e  o f  A t t a c k - - T h e  a n g l e  of a t t a c k  is d e f i n e d  a s  t h e  a n g l e  
b e t w e e n  a r e f e r e n c e  l i n e  o n  t h e  a i r c r a f t  a n d  t h e  r e l a t i v e  w i n d  v e c t o r  
( a l s o  known a s  t h e  f l i g h t - p a t h  v e c t o r ) .  I f  t h e  a i r c r a f t  is n o t   b a n k e d ,  
t h e  r e l a t i o n  b e t w e e n  t h e  p i t c h  a n g l e  a n d  t h e  a n g l e  of a t t a c k  is g i v e n  b y  
ep = y+cY , 
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where eP r e p r e s e n t s  p i t c h  a n g l e ,  Y f l i g h t - p a t h  a n g l e ,  a n d  Q t h e  a n g l e  
o f   a t t a c k .  If t h e   f l i g h t - p a t h   a n g l e  is known, t h e  a n g l e  of a t t a c k  is 
e a s i l y  c o m p u t e d ,  b u t  a t  p r e s e n t  n o  d a t a  exis ts  o n  how a n g l e  of a t t a c k  
could be measured. 
Mach--The  mach number o f  t h e  a i r c r a f t  is related t o  t h e  atmo- - 
s p h e r i c  c h a r a c t e r i s t i c s  t h r o u g h  w h i c h  t h e  a i r c r a f t  is f l y i n g .  A mach 
number of 1.0 is t h e  s p e e d  o f  s o u n d  a t  t h e  p a r t i c u l a r  a t m o s p h e r i c  c o n d i -  
t i o n s ,  w h i l e  Mach numbers less t h a n  1 .0  i n d i c a t e  s p e e d s  slower t h a n  t h a t  
of  sound. The e q u a t i o n   f o r  mach number is g iven  by 
Mn = V / f i  , ( 18) 
where Mn d e n o t e s  mach number, v is t r u e  a i r s p e e d ,  y is t h e  r a t i o  o f  
s p e c i f i c  h e a t  f o r  t h e  a t m o s p h e r e ,  R is the   un ive r sa l   gas   cons t an t ,   and  
e is a b s o l u t e   o u t s i d e   a i r   t e m p e r a t u r e .   E q u a t i o n  (18) may be  approximated 
by t h e  r e l a t i o n  
where Km = 1/fi- The mach meter s i m p l y   u s e s   t h e   t r u e   a i r s p e e d   s i g n a l  
a n d  t h e  o u t s i d e  a i r  t e m p e r a t u r e  t o  compute Mach number.  The range  and 
accuracy  of th i s   i n s t rumen t   va ry   depend ing   on   t he   app l i ca t ion .  The range  
and  accuracy  ind ica ted  below rep resen t  commerc ia l ly  ava i l ab le  
s p e c   i f   i c a t   i o n s  : 
Range -
0.4 to 3.5 m 
Accuracy 
0.005 m . 
Radio  Al t ime te r - -The  r ad io  a l t ime te r ,  wh ich  p resen t s  a l t i t ude  
a b o v e   s u r f a c e   l e v e l ,  is used for  making p r e c i s i o n   l a n d i n g s .  I t  u s e s  
timed r a d a r  p u l s e s  t o  d e t e r m i n e  r a n g e  f r o m  t h e  a i r c r a f t  to  s u r f a c e  l e v e l .  
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S i n c e  i t  is u s e d   p r i m a r i l y  for i n s t r u m e n t   l a n d i n g s ,  i ts r a n g e  is l imited;  
however ,  it p r o v i d e s   v e r y   a c c u r a t e   i n d i c a t i o n s  of a l t i t u d e .  Approximate 
r a n g e  a n d  a c c u r a c y  a r e  
Range  A c c u r a c y  
0-2500 f t  a . 5  f t  . 
T u r n   I n d i c a t o r - - T h e   t u r n   i n d i c a t o r  is a g y r o - d r i v e n   i n s t r u m e n t  
t h a t  s e n s e s  r a t e  of t u r n  o r  yaw r a t e  i n  degrees p e r  s e c o n d  or t u r n s  p e r  
m i n u t e .   T h e  bas i s  of t h e  i n s t r u m e n t  is  t h e  p r e c e s s i o n  of a g y r o s c o p e .  
T h e   i n s t r u m e n t  i s  c a l i b r a t e d  i n  terms of s t a n d a r d  r a t e  t u r n s  ( 3 ' / s ,  
360' i n  2 min)  f o r  l i g h t  a i r c r a f t  a n d  (1-1/2O / s ,  360° t u r n  i n  4 min) for 
t r a n s p o r t  a i r c r a f t .  T h e   r a n g e   a n d   a c c u r a c y  a r e  
Range A c c u r a c v  
3 s t a n d a r d  r a t e  o f   t u r n  r i g h t  or l e f t   0 . 2 5   t u r n  . 
S l i p  I n d i c a t o r - - T h e  s l i p  i n d i c a t o r  c o n s i s t s  of a g l a s s  or 
metal b a l l  i n  a c u r v e d   g l a s s   t u b e ,   u s u a l l y   m o u n t e d  o n  t h e  face of t h e  
t u r n   i n d i c a t o r .   T h i s   i n s t r u m e n t   i n d i c a t e s  t h e  q u a l i t y   o f  t h e  t u r n ,   a n d  
t h u s ,   e n a b l e s  t h e  p i l o t  to  make c o o r d i n a t e d   t u r n s .  I t  s e n s e s  t h e  u n b a l -  
a n c e  of c e n t r i f u g a l  fo rce  c a u s e d  b y  t h e  t u r n  a n d  t h e  i n w a r d  force com- 
p o n e n t  of t h e  l i f t  v e c t o r .   T h e   s l i p   i n d i c a t o r  is u s u a l l y   n o t  c a l ib ra t ed ,  
b u t  t h e  b a l l  w i d t h  is o f t e n  u s e d  a s  a r e f e r e n c e .   F o r   e x a m p l e  a t u r n  o n e  
b a l l  w i d t h  from c e n t e r  is c o n s i d e r e d  a p o o r l y   c o o r d i n a t e d   t u r n .   R a n g e  
a n d  a c c u r a c y  r e q u i r e m e n t s  a r e  u n s p e c i f i e d .  
I 
B a n k   I n d i c a t o r - - T h e   b a n k   a n g l e  of t h e  a i r c r a f t  is measured  by 
a g y r o  located i n  t h e  a r t i f i c i a l  h o r i z o n   i n s t r u m e n t  case. Voltage a n d  
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t o r q u e  commands r e q u i r e d  to  main ta in  a g i v e n  g y r o  o r i e n t a t i o n  a r e  u s e d  
to   measure   bank   angles .  Range  and  accuracy  are  
Range 
60' r i g h t   a n d   l e f t  
Accuracy 
V a r i a b l e  . 
Accelerometer--A s i m p l e  l i n e a r  a c c e l e r o m e t e r  ( a  s l i d i n g  mass 
and  sp r ing )  is used to  de termine  the  forces a c t i n g  o n  t h e  a i r c r a f t  d u r i n g  
sudden o r   v i o l e n t   m a n e u v e r s .  I t  is a l s o   u s e d  to  i n d i c a t e   t h e   d e g r e e   o f  
p s y c h o l o g i c a l  stress on   t he   pas senge r s .  Range  and  accuracy  are  
Range 
-4.0 t o  +10.0 g 
Accuracy 
* . 0 5  g . 
3. Fl ight   Sys tems 
A f l i g h t  s y s t e m  is d e f i n e d  a s  a n y  d e v i c e  o r  series of devices  which 
t r a n s f o r m  e l e m e n t a r y  a i r c r a f t  s i g n a l s  i n t o  f o r m s  more u s e f u l  f o r  t h e  
e f f e c t i v e   c o n t r o l   o f  t h e  a i r c r a f t .  T h i s  d e f i n i t i o n  i n c l u d e s  a l l  a i r c r a f t  
i n s t r u m e n t s  p r o c e s s i n g  a t  l e a s t  two a i r c r a f t  s i g n a l s  i n t o  two o r  more 
p i l o t   d i s p l a y s .   N o t e   t h a t   t h e   d e f i n i t i o n   e l i m i n a t e s   t h e   a r t i f i c i a l   h o r i -  
z o n  f r o m  t h e  c l a s s  s i n c e  no ex terna l  measurements  a re  processed .  
The f l i g h t  s y s t e m s  d i s c u s s e d  b e l o w  g e n e r a l l y  i n c l u d e  a s p e c i a l -  
pu rpose  d ig i t a l  compute r  wh ich  pe r fo rms  the  da t a -p rocess ing  func t ions  
r e q u i r e d .  The a i r   d a t a   c o m p u t e r ,   f l i g h t   d i r e c t o r ,  and a u t o p i l o t   a r e  
d i s c u s s e d  i n  t h e  s e c t i o n s  t h a t  f o l l o w .  
a .  A i r  Data  Computer 
The a i r  d a t a  c o m p u t e r  (10,  ll), g e n e r a l l y  f o u n d  o n  a l l  l a r g e  
j e t  t r a n s p o r t  a i r c r a f t ,  a c t s  a s  a bu f fe r  dev ice  be tween  the  senso r  and  
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t h e  p i l o t  d i s p l a y .  I t s  b a s i c  u s e  i s  t o  p r o v i d e  a common s t o r a g e  l o c a t i o n  
for  g e n e r a l   a i r   d a t a   r e q u i r e d   o f   t h e   d i f f e r e n t   s u b s y s t e m s .   W i t h   t h e   a i r  
da t a  compute r ,  f l i gh t  va r i ab le s  f rom seve ra l  sou rces  can  be  compared  and  
l o g i c a l  tests e s t a b l i s h e d  to  v e r i f y  r e c e i v e d  s i g n a l s .  
Outputs  from t h e  a i r  d a t a  c o m p u t e r  may i n c l u d e  a i r s p e e d ,  mach 
numbers, v e r t i c a l  s p e e d ,  o u t s i d e  a i r  t e m p e r a t u r e ,  a n d  o t h e r  b a s i c  f l i g h t  
v a r i a b l e s .  One i m p o r t a n t  f u n c t i o n  o f  t h e  a i r  d a t a  c o m p u t e r  i s  t o  p rov ide  
o u t p u t s  t o  t h e  r e l a t i v e l y  new ve r t i ca l - sca l e  in s t rumen ta t ion  sys t ems  de -  
v e l o p e d  t o  p r o v i d e  a c o n s o l i d a t e d  p r e s e n t a t i o n  t o  t h e  p i l o t .  T h e  d i s p l a y  
p r o v i d e s  a common h o r i z o n t a l  r e f e r e n c e  l i n e ,  d e f i n e d  b y  a n  e x t e n s i o n  of 
t h e  wing t i p s  o f  t h e  f l i g h t - d i r e c t o r ' s  f i x e d  a i r p l a n e  s y m b o l ,  a g a i n s t  
which  performance  and command d a t a   a r e   r e a d .   T h e   d i r e c t i o n   o f   t a p e  mo- 
t i o n  t o  d i s p l a y  i n c r e a s i n g  a n d  d e c r e a s i n g  v a l u e s  o f  a i r c r a f t  s p e e d  a n d  
a l t i t u d e ,  f o r  e x a m p l e ,  i s  r e l a t e d  t o  s t i c k  and t h r o t t l e  movements t o  f a -  
c i l i t a t e  p i l o t  r e c o g n i t i o n .  The   va lue   o f   each   d i sp l ay   pa rame te r ,   r ead  
a g a i n s t   t h e   h o r i z o n t a l   r e f e r e n c e ,   p r e s e n t s   a c t u a l   p e r f o r m a n c e .  Command 
m a r k e r s  a r e  r e a d  a g a i n s t  t h e i r  r e s p e c t i v e  t a p e s  t o  p r o v i d e  a q u a n t i t a t i v e  
d i sp lay  o f  t he  d i f f e rence  be tween  command a n d  a c t u a l  v a l u e  a n d  t h e  d i r e c -  
t i o n  t o  move t o  a n n u l  t h e  e r r o r .  
I n  g e n e r a l  t h e  a i r  d a t a  c o m p u t e r  may be  cons idered  as  an  
a n a l o g - t o - d i g i t a l  c o n v e r t e r  a n d  s t o r a g e  d e v i c e  f o r  s i g n a l s  r e l a t e d  to  t h e  
b a s i c  f l i g h t  c o n t r o l  o f  t h e  a i r c r a f t .  
b .   F l i g h t  Director Systems 
The b a s i c  f l i g h t  d i r e c t o r  is s i m p l y  a n  a r t i f i c i a l  h o r i z o n  w i t h  
command bars .   These commands  when s a t i s f i e d  p u t  t h e  a i r c r a f t  i n  t h e  
d e s i r e d   a t t i t u d e .   I n  more s o p h i s t i c a t e d   f l i g h t   d i r e c t o r s ,   a l t i t u d e ,   a i r -  
s p e e d ,   g l i d e - s l o p e   a n d   l o c a l i z e r   d e v i a t i o n s ,   i n i t i a l   f l a r e ,   a r e   a l l   i n d i -  
ca t ed  by t h e  f l i g h t  d i r e c t o r .  
69 
E l e c t r o m e c h a n i c a l  F l i g h t  Director Systems--The f l i g h t  d i r e c t o r  
is u s e d  e x t e n s i v e l y  t h r o u g h o u t  t h e  l a n d i n g  a n d  c r u i s e  p o r t i o n s  of sub- 
s o n i c  f l i g h t s .  F o r  s u p e r s o n i c  f l i g h t s ,  t h e  f l i g h t  d i r e c t o r  will a l so  be 
u s e d  i n  t h e  t a k e o f f  a n d  d e s c e n t  p o r t i o n s  of t h e  f l i g h t .  The a t t e n t i o n  
o f  t h e  p i l o t  is d i r e c t e d  a l m o s t  c o m p l e t e l y  t o  t h e  f l i g h t  d i r e c t o r  d u r i n g  
an   i n s t rumen t   l and ing .  Not only   does   he   pay  l i t t l e  a t t e n t i o n  t o  o t h e r  
c o c k p i t  i n s t r u m e n t s ,  b u t  a l s o  h e  d o e s  n o t  u s e  t h e  i n f o r m a t i o n  a v a i l a b l e  
o n   t h e   p e r i p h e r y  of t h e  f l i g h t  d i r e c t o r .  C u r r e n t  f l i g h t - d i r e c t o r  d e s i g n  
p i losophy has  been  t o  d e v e l o p  r e t r a c t a b l e  p e r i p h e r a l  d i s p l a y s  o n  t h e  
f l i g h t  d i r e c t o r ;  f o r  e x a m p l e ,  d u r i n g  t h e  f i n a l  l a n d i n g  p h a s e  of a n  ILS 
a p p r o a c h  t h e  r a d a r  a l t i t u d e ,  p i t c h  a n d  r o l l  command, l o c a l i z e r  a n d  g l i d e -  
s l o p e  d e v i a t i o n s ,  s p e e d  commands, a n d  c r a b  a n g l e  r o l l - o u t  i n d i c a t i o n  a r e  
given from view.   This   immedia te ly   ind ica tes  a t r e n d   t o w a r d   a n   e l e c t r o n i c  
m u l t i f u n c t i o n ,   a t t i t u d e - d i r e c t o r   i n d i c a t o r   d i s p l a y .  A d e t a i l e d   d e s c r i p -  
t i o n  of a b a s i c  e l e c t r o m e c h a n i c a l  f l i g h t  d i r e c t o r  is g iven  in  Appendix  B.  
E l e c t r o n i c   A t t i t u d e  Director ~~ I n d i c a t o r  - (EAD1)--The Boein;’  SST 
would  include some t y p e  of e l e c t r o n i c  a t t i t u d e - d i r e c t o r  i n d i c a t o r ,  w h i c h  
would present  i t s  f l i g h t  i n f o r m a t i o n  e l e c t r o n i c a l l y  o n  a cathode-ray 
tube.   The  major  advantage of a n  EADI is expec ted  t o  be i t s  f l e x i b i l i t y .  
For e x a m p l e ,  d u r i n g  h i g h - s p e e d  c r u i s e  t h e  p i t c h  s e n s i t i v i t y  c o u l d  b e  
inc reased   on   an   expanded   s ca l e .   Fu r the rmore ,   d i f f e ren t   t ypes  of f l i g h t  
information might  be p r e s e n t e d  d u r i n g  t h e  d i f f e r e n t  p o r t i o n s  of t h e  SST 
f l i g h t .  The EADI w o u l d   p r o b a b l y   i n c l u d e   f l i g h t - p a t h   a n g l e   r a t h e r   t h a n  
p i t c h  ang le - - a  s ign i f i can t  improvemen t  s ince  f l i gh t  pa th  is  n o t  s o l e l y  
d e p e n d e n t  o n  p i t c h  a n g l e .  F l i g h t - p a t h  p r e s e n t a t i o n  s h o u l d  s i g n i f i c a n t l y  
improve t h e  p i l o t ’ s  a b i l i t y  t o  m a i n t a i n  t h e  a i r c r a f t  o n  a f i x e d  t r a j e c t o r y  
i n  s p a c e ,  a n  e s p e c i a l l y  i m p o r t a n t  improvement   during  instrument   landings 
o n  a n  ILS  sys t em.  Grea te r  p rec i s ion  du r ing  c l imb  and  descen t  cou ld  a l s o  
b e  m a i n t a i n e d  w i t h  f l i g h t - p a t h  a n g l e  p r e s e n t a t i o n .  From an  economic  point  
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of  v i ew,  the  c l imb  por t ion  of a n  SST t r a j e c t o r y  may b e  t h e  most c o s t l y  
phase  of t h e  f l i g h t ,  a n d  p r e c i s e  c o n t r o l  of t h e  c l i m b  t r a j e c t o r y  w i l l  b e  
r e q u i r e d .  
A u t o  P i l o t - - A n  a i r c r a f t  a u t o p i l o t  a u t o m a t i c a l l y  p e r f o r m s  t h e  
e x a c t i n g  t a s k s  o f  p r e c i s e l y  c o n t r o l l i n g  t h e  a t t i t u d e  a n d  t r a j e c t o r y  o f  t h e  
a i r c r a f t  w h i l e  the p i l o t  r e t a i n s  c o m p l e t e  c o n t r o l  o f  t h e  a i r c r a f t  t h r o u g h  
t h e  a u t o  p i l o t  command channels  and  the  manual  over r ide  capabi l i ty .  
A f u l l  t h r e e - a x i s  a u t o  p i l o t  p r o v i d e s  t h r e e  b a s i c  modes of  
o p e r a t i o n :  (1) heading  hold,  ( 2 )  a l t i t u d e   h o l d ,  ( 3 )  a n d   p i t c h   a t t i t u d e  
hold.  T h e  a u t o  p i l o t  may be   ex tended   t o   i nc lude  a guidance   coupler   wi th  
t i e s  to   Dopp le r   r ada r ,  VOR, and ILS systems.  With  the  Doppler t i e - i n ,  
n a v i g a t i o n  is completely  automatic  and  independent  of  ground-based  radio 
e q u i p m e n t ,   a l l o w i n g   d i r e c t   c o n t r o l  of ground  t rack.  VOR c o u p l i n g   p r o v i d e s  
automatic   cross-country  navigat ion,   and ILS coupl ing   provides   au tomat ic  
approach and landing.  
The b a s i c  o p e r a t i o n a l  c a p a b i l i t i e s  of a n  a u t o  p i l o t  s y s t e m  a r e  
a s  f o l l o w s :  
Svstem Engagement 
At t i t ude :   ro l l - -no rma l  0' c a p a b i l i t y  
f-30' 
pitch--normal Oo , c a p a b i l i t y  
4z loo 
Manua 1 Mode 
Turn Knob--f30° of roll a t t i t u d e  c h a n g e .  
P i t c h  Wheel-fl7' of p i t c h  a t t i t u d e  c h a n g e .  
Turns--unlimited. 
A l t i t u d e  Hold 
Engagement--at less than  2000 fee t  pe r  minu te  o f  c l imb  
or d ive ,  and  a p i t c h  a t t i t u d e  o f  less than  10". 
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Prese l ec t  Head ing  
Engagement--with unlimited heading commands. 
Head ing  Changes - -un l imi t ed  changes  in  e i the r  d i r ec t ion .  
VOR -
Engagement--(normal) a t  i n t e r c e p t  a n g l e s  o f  less than  5" 
and a beam displacement  of  15 pA ( two-do t  de f l ec t ion )  or 
g r e a t e r .  Engagement--( c a p a b i l i t y )   a l l   a n g l e s   d e p e n d e n t  
upon a i r c r a f t  p o s i t i o n  r e l a t i v e  t o  beam, d i s t a n c e  t o  
s t a t i o n ,  a i r c r a f t  s p e e d ,  wind d i r e c t i o n ,   a n d  wind v e l o c i t y .  
Crosswind-- (capabi l i ty )   cor rec t ions  for 25" of heading. 
L o c a l i z e r  
Engagement--(normal) a t  c a p t u r e  a n g l e s  o f  less than  90" 
and a beam disp lacement  of  150 PA ( two-do t  de f l ec t ion )  
o r  g rea t e r .   Engagemen t - - ( capab i l i t y )   a l l   ang le s   depen-  
d e n t  upon a i r c r a f t  p o s i t i o n  r e l a t i v e  t o  beam, d i s t a n c e  
to  runway, a i r c r a f t  s p e e d ,  wind d i r e c t i o n ,   a n d  wind 
v e l o c i t y .   C r o s s w i n d - - ( c a p a b i l i t y )   c o r r e t i o n s   f o r  25" 
of   heading.  
G l ide  S lope  
Engagement--(normal) a t  i n t e r c e p t  a n g l e s  o f  less than  
5" and a beam displacement  of  15 PA (approximately one 
needle   wid th)  or less. 
Engagement--( capab i l i t y )  dependen t  on  beam geometry, 
a i r c r a f t  p o s i t i o n ,  a n d  m a n e u v e r a b i l i t y .  
A t t i t u d e   C o r r e c t i o n - - ( c a p a b i l i t y )  10" of  p i t c h  
a t t i t u d e .  
D. Je t  Transpor t   Naviga t ion   Ins t ruments  
1. Genera l   Naviga t ion   Procedures  
~ _ ~ _ _ ~  
I n  t h e  e a r l y  d a y s  o f  c r o s s - c o u n t r y  f l y i n g ,  n a v i g a t i o n  was accomplished 
by p i l o t a g e ;  i .e.  dead-reckoning.   The  basic   approach was t o   e s t i m a t e   a i r -  
c r a f t   h e a d i n g   r e q u i r e d   t o   m a i n t a i n  a des i r ed   g round   t r ack .  The i n h e r e n t  
d i s a d v a n t a g e  i n  t h i s  a p p r o a c h  is t h e  u n c e r t a i n t y  i n  t h e  measurement  and 
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pred ic t ion  o f  t he  winds  a lo f t .  A l though  p rec i se  measu remen t  of wind 
v e l o c i t i e s  a r e  a v a i l a b l e  a t  6-hour i n t e r v a l s ,  w i n d s  o f t e n  c h a n g e  r a p i d l y  
b o t h  i n  d i r e c t i o n  a n d  s p e e d .  Any c h a n g e  i n  a l t i t u d e  w i l l  a l s o  r e q u i r e  
a new computa t ion   o f   d r i f t   co r rec t ion   ang le .   Wi th   deve lopmen t s   i n   t he  
r e l i a b i l i t y  o f  a i r b o r n e  r a d i o  r e c e i v e r s ,  c r o s s - c o u n t r y  n a v i g a t i o n  was 
s i m p l i f i e d .   E a r l y   l o w - f r e q u e n c y   r a d i o   e n a b l e d   p i l o t s  to  f l y  t o  and  from 
r a d i o  r a n g e  s t a t i o n s  o n  3" a i r w a y s .   T h e s e   r a n g e s   a r e   r a p i d l y   b e i n g  re- 
p laced   by   t he  more v e r s a t i l e  VOR. Range  information (DME) c a n   a l s o   b e  
ob ta ined  f rom g round-based  r ad io  t r ansmi t t e r s .  
R e c e n t  a d v a n c e s  i n  e l e c t r o n i c  r e l i a b i l i t y  a n d  a v a i l a b i l i t y  h a v e  led 
t o  the  deve lopmen t  o f  p rec i se  long- range  nav iga t ion  capab i l i t y  by i n e r t i a l  
methods; i .e . ,  no   g round-based   r e fe rence   s igna l s   a r e   r equ i r ed .   In   t he  
n e a r  f u t u r e ,  t h e s e  i n e r t i a l  s y s t e m s  w i l l  become p r e c i s e  enough t o  p e r m i t  
ins t rument   l andings   wi thout   g round-based   rad io   a ids .   Fur ther   deve lopments  
i n  l ong- range  nav iga t ion  inc lude  a s t ro -  and  sa t e l l i t e - source  me thods .  
2. In te rna l   Naviga t ion   Sys tems 
a.  Doppler  Systems 
For   long-range  navigat ion,  t h e  Bendix D R A - d 4  Doppler   radar  
w i t h  i t s  assoc ia ted   computer  is t h e  mos t   impor t an t   non ine r t i a l   nav iga t ion  
a i d .  The   sys t em  uses   t he   f r equency   sh i f t  of r ada r   echoes   t o   de t e rmine  
ground  speed  and d r i f t ,  which is t r a n s f e r r e d  by t h e  computer i n t o  d i s -  
t a n c e   t o   t h e   n e x t   c h e c k   p o i n t   a n d   d i s t a n c e   o f f   t r a c k .   T h i s   d a t a  may be 
f e d  i n t o  t h e  a u t o  p i l o t  t o  a u t o m a t i c a l l y  correct h e a d i n g  f o r  z e r o  d r i f t .  
This   ins t rument  is i n d e p e n d e n t   o f   e x t e r n a l   n a v i g a t i o n a l   a i d s ;  
however, p o s i t i o n  f i x e s  f r o m  e x t e r n a l  s o u r c e s  must be used a t  30-minute 
i n t e r v a l s  to  compensa te  for  the  Doppler  errors. 
Doppler  radar  equipment  has  been  s tandard  wi th  most a i r l i n e s  
fo r  seve ra l   yea r s .   Cur ren t   accu racy  is approximately 1 to 2 p e r c e n t  of 
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t h e  d i s t a n c e  t r a v e l e d  a n d  d e p e n d s  to  a l a r g e  e x t e n t  o n  t h e  a c c u r a c y  
of t h e  r e f e r e n c e  d a t a  ( g y r o  or magnetic  compass). 
b .   I n e r t i a l   S y s t e m s  
I n e r t i a l  n a v i g a t i o n  s y s t e m s  m e a s u r e  a c c e l e r a t i o n  in a l l  t h r e e  
axes  and  perform a d o u b l e   i n t e g r a t i o n  to o b t a i n  p o s i t i o n .  I n e r t i a l  s y s -  
tems were o r i g i n a l l y  d e v e l o p e d  f o r  m i l i t a r y  a p p l i c a t i o n s ,  b u t  have 
r e c e n t l y  become a v a i l a b l e  f o r  commercial . u s e .  The accuracy   of  t h e  com- 
mercial   equipment  is 1 t o  2 nmi per   hour .  The system is  e a s y   t o   o p e r a t e ,  
s i n c e  o n l y  d e p a r t u r e  p o s i t i o n  must be manually inserted.  
A spec ia l -pu rpose   d ig i t a l   compute r  is used i n  conjunct ion  
w i t h  t h e  i n e r t i a l  m e a s u r i n g  u n i t .  A s impl i f i ed   b lock   d i ag ram  fo r   an  
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A complete l i s t  of t h e  o u t p u t s  f r o m  t h e  B o e i n g  I n e r t i a l  
Navigation  System is shown i n   F i g .  25.  Included i n   t h i s   f i g u r e  is 
a l ist  o f  t h e  tests t o  b e  e v a l u a t e d  u s i n g  t h e  o u t p u t s  of t h e  i n e r t i a l  
p l a t fo rm.  
15 
The impor tan t  var iab les  for a i r c r a f t  c o n t r o l  a n d  n a v i g a t i o n  
a r e  
(1) P i t c h ,  
( 2 )  Rol l ,  
(3) Yaw, 
( 4 )  F l i g h t - p a t h   v e c t o r ,  
( 5 )  P o s i t i o n   v e c t o r ,  
( 6 )  Ve loc i ty   vec to r .  0 
Compute r s  a s soc ia t ed  wi th  the  ine r t i a l  measu remen t  un i t  a r e  
gene ra l ly  who l ly  ded ica t ed  to  t h e  i n e r t i a l  n a v i g a t i o n  s y s t e m  a n d  c a n n o t  
be programmed. I n   t h e   c a s e   o f   t h e  C5-A16 i n e r t i a l   n a v i g a t i o n   s y s t e m ,  
however, a general-purpose  computer was used. 
The c h a r a c t e r i s t i c s  of t h e  C5-A i n e r t i a l  n a v i g a t i o n  c o m p u t e r  
a r e  t h e s e :  
General  purpose 
P a r a l l e l  o p e r a t i o n  
28-bit  word length 
Core memory  12K for primary 
8K for  a u x i l i a r y  
Memory Type 
Random-access core 
N o n v o l a t i l e  DRO 
I n s t r u c t i o n s  
51, w i t h  two i n s t r u c t i o n s  p e r  word  and 
h a l f - w o r d  a r i t h m e t i c  c a p a b i l i t i e s  
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FIGURE 25 INERTIAL  PLATFORM  OUTPUTS VERSUS  TEST  YPES,  COURTESY OF THE BOEING  COMPANY 
Add time 
Half word--6 p s  
F u l l  word--8 p s  
3 .  
Mult ip ly  time 
Half word--28 p s  
F u l l  word--74 p s  
O t h e r  f e a t u r e s  
Indexing  
I n d i r e c t  a d d r e s s i n g  
R o l l  t a b l e  
I n t e r r u p t  c a p a b i l i t y .  
Bas i c  Nav iga t iona l  In s t rumen ta t ion  
a.   Magnetic Compass 
The  magnetic  compass is u s e d  a s  a s t a n d b y  s o u r c e  o f  d i r e c t i o n a l  
in format ion  i n  a l l  a i r c r a f t .  The b a s i c   i n s t r u m e n t   c o n s i s t s  of f l o a t  
assembly on which are mounted two pa ra l l e l  magne t i zed  need le s ,  a compass 
card,   and a f loat :   which is mounted  on a p e d e s t a l ;  t h e s e  a r e  s e a l e d  i n  
a chamber f i l l e d  w i t h  a c i d - f r e e  w h i t e  k e r o s e n e .  
S e v e r a l  f a c t o r s  a f f e c t  t h e  a c c u r a c y  of the  magnetic  compass i n  
i n d i c a t i n g  t r u e  n o r t h .  The   mos t   impor t an t   f ac to r   a f f ec t ing   accu racy  is 
t h e  va r i a t ion  be tween  magne t i c  no r th  and  t rue  no r th ,  wh ich  is a f u n c t i o n  
of t h e  l o c a t i o n  o n  t h e  e a r t h ' s  s u r f a c e ;  f o r  t h e  U.S. a l o n e ,  t h e  v a r i a t i o n  
is  between 20' West and 20' E a s t  of t r u e   n o r t h .   O t h e r   f a c t o r s   a f f e c t i n g  
the  accuracy  of  the  magnet ic  compass  a re  magnet ic  d ip ,  nor ther ly  turn ing  
e r r o r ,   a c c e l e r a t i o n   e r r o r ,   o s c i l l a t i o n  error, and   devia t ion .   These  
errors re lega te  the  magnet ic  compass  t o  a role a s  a back-up  instrument 




v a r i a b l e  (f5' a t  b e s t ) .  
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b. D i r e c t i o n a l  Gyro 
The d i r e c t i o n a l  g y r o  w h i c h  e n t i r e l y  e l i m i n a t e s  compass errors, 
is a s i g n i f i c a n t  improvement  over  the  magnetic  compass.   This  instrument 
is d e p e n d e n t  o n  m o t i o n l e s s n e s s  i n  s p a c e  of a u n i v e r s a l l y  mounted  gyroscope; 
f r i c t i o n a l  forces o n  t h e  g y r o  c a u s e  p r e c e s s i o n ,  w h i c h  r e s u l t s  i n  h e a d i n g  
d r i f t .  The d i r e c t i o n a l   g y r o   m u s t   b e   r e f e r e n c e d   w i t h  a magnetic  compass 
o r  some known m a g n e t i c   r e f e r e n c e   p o i n t .  The remote compass  detects   and 
t r a n s m i t s  t h e  m a g n e t i c  h e a d i n g  i n f o r m a t i o n  u s i n g  a n  e l e c t r o n i c  a m p l i f i e r  
t o  t h e  d i r e c t i o n a l  g y r o ,  w h i c h  i n  t u r n  c o n t r o l s  t h e  p o i n t e r  on t h e  i n s t r u -  
ment d i a l .  
The remote compass   t ransmi t te r  is u s u a l l y  l o c a t e d  i n  a wing 
where it is f ree  f rom  magnet ic   d i s turbances .   The   ins t rument  is t h e n  
s l a v e d  to  magne t i c  no r th ,  and  magne t i c  dev ia t ions  and  tu rn  errors a r e  




so magnetic . 
c.  A i r s p e e d   I n d i c a t o r  
T r u e  a i r s p e e d  is used to  compute  ground  speed,  which is used 
to e s t i m a t e  time of a r r i v a l  a t  a s p e c i f i c   l o c a t i o n .  The f u n c t i o n s  of 
t h e  a i r s p e e d  i n d i c a t o r  were d i scussed  above  in  Sec .  C-2-b. 
d .   Outs ide  A i r  Tempera tu re   Ind ica to r  
O u t s i d e  a i r  t e m p e r a t u r e  is u s e d  a l o n g  w i t h  a l t i t u d e  t o  compute 
t r u e  a i r s p e e d .  A d e s c r i p t i o n  of t h e  o u t s i d e  a i r  t e m p e r a t u r e  d e v i c e  may 
be found in  Appendix C .  
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e. Altimeter 
T h e   a l t i t u d e  is a l s o  required t o  c o m p u t e   t r u e  a i rspeed.  A 
d i s c u s s i o n  of t h e  a l t imeter  may be f o u n d  i n  Sec. C-2-b. 
4. E x t e r n a l - R e f e r e n c e  ~ .. . N a v i g a t i o n   I n s t r u m e n t s  
T h e  f o l l o w i n g  p a r a g r a p h s  b r i e f l y  describe t h e  o p e r a t i o n  of ground-  
b a s e d  r a d i o  n a v i g a t i o n  e q u i p m e n t .  
a .  L/MF R a d i o   R a n g e  
I n  y e a r s  p a s t ,  t h e  r a d i o  r a n g e  w a s  t h e  o n l y  g r o u n d - b a s e d  r a d i o  
n a v i g a t i o n   s y s t e m   a v a i l a b l e .   T h i s   s y s t e m   h a s   l a r g e l y   b e e n   r e p l a c e d   b y  
t h e  VOR s y s t e m ;   h o w e v e r ,  a t  times t h i s   m e t h o d  of n a v i g a t i o n  may be t h e  
o n l y  a v a i l a b l e  o p e r a t i o n a l  f a c i l i t y .  
Radio r a n g e s   t r a n s m i t  two s i g n a l s   i n  code. T h e s e   s i g n a l s   o v e r -  
l a p  to form f o u r  d i s t i n c t  c o u r s e s  w h i c h  a r e  a p p r o x i m a t e l y  3" i n  w i d t h .  
T h e   o n - c o u r s e   s i g n a l  is a s o l i d  a u r a l  t o n e .  
R a d i o   r a n g e s  a r e  s u s c e p t i b l e  t o  i r r e g u l a r i t i e s  i n  t h e  t e r r a i n  
a n d   a t m o s p h e r i c   d i s t u r b a n c e s .   O f t e n   m u l t i p l e   c o u r s e   b e a m s ,   b e n t  beams, 
a n d  f a l s e  c o n e s  a r e  f o r m e d  i n  i r r e g u l a r  t e r r a i n .  
L/MF r a d i o   r a n g e s  a r e  g r a d u a l l y   b e i n g   p h a s e d   o u t .   T h e s e   r a n g e s ,  
a l t h o u g h  n o t  u s e d  e x t e n s i v e l y  f o r  n a v i g a t i o n ,  a r e  o f t e n  u s e d  f o r  t r a n s -  
m i t t i n g  s c a t t e r  i n f o r m a t i o n  t o  p i l o t s .  
b. MDF/ADF ( A u t o m a t i c   D i r e c t i o n   F i n d i n g )  
The  MDF/ADF n a v i g a t i o n a l  i n s t r u m e n t s  r e c e i v e  s i g n a l s  f r o m  
g r o u n d - b a s e d   r a d i o   t r a n s m i t t e r s .  Radio b e a c o n s   ( n o n d i r e c t i o n a l  L/MF 
t r a n s m i t t e r s ) ,  commercial broadcast  s t a t i o n s ,   a n d   c o m p a s s  loca tors  may 
be r e c e i v e d  b y  t h e  MDF/ADF r e c e i v e r .  
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A d i r e c t i o n a l  or loop  an tenna  p rov ides  in fo rma t ion  tha t  is used 
t o  n u l l   t h e   s i g n a l s   f r o m   t h e   t r a n s m i t t e r .   T h e   p o s i t i o n   o f  the loop 
a n t e n n a   d r i v e s  a p o i n t e r  to  t h e  b r o a d c a s t  s t a t i o n .  I n  t h e  manual mode 
the   an tenna  is manually  slewed t o  t h e  n u l l  p o s i t i o n ;  however, i n  t h i s  
mode  a 180' ambigui ty  exists.  I n   t h e   a u t o m a t i c  mode the   need le   a lways  
p o i n t s  d i r e c t l y  to  t h e  s t a t i o n .  
The MDF/ADF is u s e d  o n l y  a s  a back-up  instrument  in  modern j e t  
t r a n s p o r t s .  I t  is a l so   u sed   t o   r ece ive   wea the r   b roadcas t s   f rom  the  L/MF 
f a c i l i t i e s .  
c. VOR (Variable  Omnirange) 
The VOR is t h e  p r i n c i p a l  r a d i o  f a c i l i t y  f o r  n a v i g a t i o n  o v e r  
land.  The VOR ope ra t e s   i n   t he   f r equency   r ange  108 t o  118 megahertz. 
The ground-based  equipment  ransmits two s i g n a l s :   t h e   r e f e r e n c e ,   w h i c h  
is o m n i d i r e c t i o n a l ;  a n d  t h e  m e a s u r i n g  s i g n a l s ,  w h i c h  r o t a t e  t h r o u g h  360' 
a t  a r a t e  of 30 revo lu t ions   pe r   s econd .   Phase   d i f f e rence   be tween   t he  
two s i g n a l s  is measured  by the  r ece ive r  and  used  to  d e t e r m i n e  r e l a t i v e  
p o s i t i o n  o f  t h e  a i r c r a f t  t o  t h e  s t a t i o n .  
The s t a n d a r d  VOR r ece ive r  has  a f l i g h t - p a t h  d e v i a t i o n  i n d i c a t o r  
(FPDI) of  *lo' f r o m   t h e   c o u r s e   r a d i a l   s e l e c t e d .  A f u l l  d e f l e c t i o n  o f  
t h e  FPDI i n d i c a t e s  t h a t  t h e  a i r c r a f t  is 10" t o  t h e  r i g h t  o r  l e f t  o f  t h e  
d e s i r e d   c o u r s e .  Some very   h igh-qual i ty  VOR rece ivers   have   FPDI ' s  of 
f 7 . 5 O .  
The VOR r e c e i v e r s  must i nd ica t e  magne t i c  cour ses  to  an  accu racy  
o f  a t  l e a s t  f4' for i n s t r u m e n t  f l i g h t  a n d  a r e  u s u a l l y  c a l i b r a t e d  t o  w i t h i n  
*lo . 
VOR s t a t i o n s  a r e  l o c a t e d  t h r o u g h o u t  t h e  U.S. a n d  i n  many f o r e i g n  
c o u n t r i e s .  The FAA has   based   the   Federa l   Ai rways   Sys tem  pr inc ipa l ly   on  
t h e  VOR naviga t ion  sys tem.  
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d .  TACAN -
T h e  T a c t i c a l  A i r  N a v i g a t i o n  s y s t e m  p r o v i d e s  both az imuth  a n d  
d i s t a n c e   i n f o r m a t i o n .  TACAN o p e r a t e s  on t h e  UHF b a n d  and is u s e d  p r i -  
m a r i l y   b y   m i l i t a r y  a i r c r a f t .  T h e   d i s t a n c e   m e a s u r i n g  (DME) c a p a b i l i t y  of 
TACAN is u s e d  e x t e n s i v e l y  b y  j e t  t r a n s p o r t  a i r c r a f t  a n d  o t h e r  commercial 
a i r c r a f t .  The  TACAN a n d  VOR f a c i l i t i e s  a r e  o f t e n   c o m b i n e d  t o  form a 
VORTAC f a c i l i t y .  I n  t h i s  case,  fo r  e a c h  VOR f r e q u e n c y  a c o r r e s p o n d i n g  
UHF c h a n n e l  is s p e c i f i e d .   T h i s  is known a s  f r e q u e n c y   p a i r i n g .   C u r r e n t  
VORTAC e q u i p m e n t  u s e s  UHF c h a n n e l s  f o r  DME c a p a b i l i t y  and VHF f r e q u e n c i e s  
for a z i m u t h   i n f o r m a t i o n .   G e n e r a l l y  the UHF c h a n n e l  is n o t   i n d i c a t e d  o n  
t h e  r e c e i v e r  b u t  is a u t o m a t i c a l l y  t u n e d  to  t h e  p a i r e d  c h a n n e l .  
One of t h e  most i m p o r t a n t   l o n g - r a n g e   n a v i g a t i o n a l   a i d s  is Loran .  
T h i s  t y p e  o f  n a v i g a t i o n  was i n t r o d u c e d  i n  1 9 4 2 ,  a n d  o v e r  e i g h t y  s t a t i o n s  
a r e  now i n   o p e r a t i o n .  Normal o p e r a t i n g   f r e q u e n c i e s  a r e  be tween  1.75 a n d  
1.95 MHz i n  t h e  l o w - f r e q u e n c y  r a d i o  band.   Range   by   day  is a p p r o x i m a t e l y  
550 nmi w i t h  maximum r a n g e s  of up t o  1300 nmi a t  n i g h t  w i t h  a sky   wave .  
A L o r a n   f i x  is c o m p l e x   a n d  time c o n s u m i n g .   S i g n a l s   f r o m  a mas- 
t e r  a n d  s l a v e  s t a t i o n  a r e  s u p e r i m p o s e d  o n  t h e  s c r e e n  of a c a t h o d e - r a y  
t u b e ,  a n d  t h e  e q u i p m e n t  t h e n  m e a s u r e s  t h e  d i s t a n c e  f r o m  t h e  s t a t i o n s  i n  
t h e  form of a time d i f f e r e n c e   i n   m i l l i s e c o n d s .   T h e   L o r a n   s y s t e m  is known 
a s  a p u l s e d   h y p e r b o l i c   n a v i g a t i o n   s y s t e m .   T i m e   d i f f e r e n c e s   b e t w e e n   p u l s e s  
from remote s t a t i o n s  d e f i n e  d i f f e r e n c e s  i n  d i s t a n c e  from e a c h  p a i r  of 
t r a n s m i t t e r s  t o  t h e   n a v i g a t o r .   T h e s e   d i s t a n c e s   d e f i n e   h y p e r b o l a e   w h o s e  
f o c i i  a r e  p a i r s  of t r a n s m i t t e r s  a n d  w h o s e  i n t e r s e c t i o n  w i t h  e a c h  o t h e r  
is t h e   p o s i t i o n   f i x .   H y p e r b o l a e ,   o n e  se t  f o r  e a c h  s t a t i o n ,  m a r k e d   w i t h  
c o r r e s p o n d i n g  time d i f f e r e n c e ,  a r e  t h e n  u s e d  to p l o t  l i n e s  of p o s i t i o n .  
F o r  a n  a c c u r a t e  f i x  a minimum of two p o s i t i o n  l i n e s  are  r e q u i r e d .   S i n c e  
"-
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t h e  l i n e s  c a n n o t  be de te rmined  s imul t aneous ly ,  nav iga to r s  mus t  t r ans fe r  
p o s i t i o n  l i n e s  a l o n g  a t r a c k  to  t h e  l a s t  p o s i t i o n  l i n e .  
Accuracy of b r a n  is dependen t  on  d i s t ance  from t h e  t r a n s m i t t i n g  
s t a t i o n s  a n d  p r o p a g a t i o n  c o n d i t i o n s .  A c c u r a c i e s  of up to *1.5 nrni by day, 
and f4.5 nmi b y  n i g h t  a r e  a v a i l a b l e .  
An improved v e r s i o n  of b r a n  was i n t r o d u c e d   i n  1959. I n  t h i s  
system, time and  phase  ang le  d i f f e rences  from two s t a t i o n s  a r e  u s e d  to  
d e t e r m i n e  p o s i t i o n .  T h e r e  a r e  now about  30 of t h e s e  new or Loran C t r a n s -  
m i t t i n g  s t a t i o n s .  L o r a n  C sys tems use  a f requency  of about  100 kHz and 
have ranges up t o  1600 nmi w i t h  a n  a c c u r a c y  of *550 yds.  
f . Consol 
The  Consol  system  has  been i n  o p e r a t i o n  s i n c e  1942. T h e r e  a r e  
f i v e  s t a t i o n s  i n  w e s t e r n  E u r o p e  a n d  two i n  t h e  U.S.A. ( C o n s o l a n  i n  t h e  
U . S . ) .  O p e r a t i n g  f r e q u e n c i e s  a r e  a r o u n d  190 kHz f o r  E u r o p e a n  s t a t i o n s  
and 300 kHz for U . S .  s t a t i o n s .  The  Consol  system  operates  on t h e  p r i n c i p l e  
o f  t r a n s m i t t i n g  a r o t a t i n g  p a t t e r n  of 20 u s e f u l  lobes of 10" width.  A 
b e a r i n g  f i x  is o b t a i n e d  by c o u n t i n g  t h e  number of  do ts  and dashes to  t h e  
n u l l   l i n e .  
Maximum range  by  n ight  is 1300 nmi. 
g* - Decca 
The  Decca system is s i m i l a r  to the  Loran  nav iga t ion  sys t em,  
e x c e p t   t h a t   p h a s e   d i f f e r e n c e s   a r e   m e a s u r e d .  The s y s t e m  o p e r a t e s  i n  t h e  
low-frequency  band  around 70 kHz. The  system  uses   an  a i rborne  computer  
for coord ina te   conve r s ion .   Con t inued   p re sen ta t ion  o f  p o s i t i o n  is a v a i l -  
a b l e  w i t h  t h i s  t y p e  of naviga t iona l  sys tem.  
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h. Omega 
The Omega sys tem is a h y p e r b o l i c  s y s t e m  w i t h  p h a s e  d i f f e r e n c e  
m e a s u r e m e n t .   T h i s   s y s t e m   o p e r a t e s   i n   t h e   v e r y  low frequency  band,  
10-30 kHz. Maximum range  is 5000 nmi w i t h  a n  a c c u r a c y  of f l l O  yds by day 
and 2200 yds by night .  
i. Astro-Navigat ion 
Ast ro-naviga t ion  is based o n  k n o w i n g  t h e  s u b s t e l l a r  p o i n t  of 
a p a r t i c u l a r  s t a r  ( i . e .  t h e  p o i n t  o n  t h e  e a r t h ' s  s u r f a c e  t h r o u g h  w h i c h  
a l i n e  j o i n i n g  t h i s  s t a r  a n d  t h e  c e n t e r  of t h e  e a r t h  would  pass) .  To a l l  
o b s e r v e r s  o n  a c i r c l e  c e n t e r e d  o n  t h e  s u b s t e l l a r  p o i n t ,  t h i s  s t a r  h a s  t h e  
same a l t i t u d e  a b o v e  t h e  h o r i z o n  a l t h o u g h  f o r  e a c h  it has  a d i f f e r e n t  b e a r -  
i n g  or a z i m u t h .   S i n c e   t h e   s u b s t e l l a r   p o i n t  is n o r m a l l y   o u t s i d e   t h e   a r e a  
c o v e r e d  b y  t h e  c h a r t ,  i t  is n o t  p o s s i b l e  t o  draw  the c i rc le  of p o s i t i o n .  
To overcome t h i s  t h e  n a v i g a t o r  c h o o s e s  a pos i t i on  ( a s sumed  pos i t i on )  nea r  
t h e  d e s i r e d  p o s i t i o n .  The nav iga to r  now c o n s u l t s  a n  a i r  a l m a n a c  a n d  t h e  
a i r  n a v i g a t i o n  t a b l e s  a n d  e x t r a c t s  t h e  a l t i t u d e  a n d  a z i m u t h  of t h e  s t a r  
o r  o t h e r  c e l e s t i a l  body for  t h i s  assumed  pos i t ion .  By comparing  the 
a l t i t u d e  measured  by t h e  s e x t a n t  w i t h  t h e  a l t i t u d e  from t h e  t a b l e s ,  h e  
c a l c u l a t e s  t h e  i n t e r c e p t  ( d i f f e r e n c e  i n  a l t i t u d e  c o n v e r t e d  to  n a u t i c a l  
miles) a n d  p l o t s  t h i s  o n  t h e  c h a r t  a s  a l i n e  of p o s i t i o n  a t  r i g h t  a n g l e s  
t o  the   az imuth .  The i n t e r s e c t i o n  of t h r e e  p o s i t i o n  l i n e s  o b t a i n e d  i n  t h i s  
manner is t h e  p o s i t i o n  of t h e  a i r c r a f t  a t  t h e  time of t h e  l a s t  o b s e r v a t i o n ,  
w i t h  t h e  o t h e r  t w o  l i n e s  h a v i n g  b e e n  moved a l o n g  t h e  t r a c k  t o  compensate 
f o r  t h e  d i f f e r e n c e  of time of the   obse rva t ions .   Swis sa i r   has   mod i f i ed  
a l l  i t s  s e x t a n t s  so t h a t  t h e  o b s e r v a t i o n  of a s t a r  may be made i n  o n e  
minu te  in s t ead  of t h e  u s u a l  t w o  and  uses  a computer ,  deve loped  wi th  the  
company, t o  make a r a p i d  c a l c u l a t i o n  of t h e  c o r r e c t i o n  fo r  time d i f f e r e n c e  
and  speed.  The a i r  n a v i g a t i o n  t a b l e s  h a v e  b e e n  m o d i f i e d  to  s i m p l i f y  
s e l e c t i o n  of t h e  s t a r s  t h a t  w i l l  g i v e  t h e  best  f i x .  
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i. S a t e l l i t e   N a v i g a t i o n  
S a t e l l i t e s  h a v e  b e e n  u s e d  for  n a v i g a t i o n a l  p u r p o s e s  f o r  s e v e r a l  
y e a r s ,  a n d  t h e y  p r o v i d e  g r e a t e r  a c c u r a c y  t h a n  a n y  o t h e r  n a v i g a t i o n a l  s y s -  
tem. P o s i t i o n   f i x e s   a r e   p o s s i b l e   e v e r y  60 minutes  ( 4  s a t e l l i t e s ) .  O t h e r  
systems  have  been  proposed  by  various  American  companies.   Westinghouse 
h a s  p r o p o s e d  p u t t i n g  e i g h t  s a t e l l i t e s  i n  6000-nmi o r b i t ,  w i t h  d i s t a n c e  
and  d i r ec t ion  measu remen t  to  be  on  the  in fe romete r  p r inc ip l e ;  da t a  coord i -  
n a t i o n ,  p o s i t i o n  t r a n s m i s s i o n ,  a n d  o p e r a t i o n s  c o o r d i n a t i o n  would be  by 
means of  ground s ta t ions ,  and  accuracy  would  be  on  the  order  of 1 .5  t o  
2.5 nmi. Cub ic   p roposes   ex t end ing   t he  SECOR s a t e l l i t e  s y s t e m  t o  g i v e  
,d i rec t ion   in format ion .   Genera l  E lec t r i c  h a s   p r o p o s e d   f o u r   t o   f i v e   s t a -  
t i o n a r y  s a t e l l i t e s  w i t h  a double  d is tance  measurement ;  eva lua t ion  and  
coord ina t ion   would   be   by   g round  s ta t ions .   Phi lco   has   p roposed  a r o t a t i n g  
s a t e l l i t e  t h a t  would t r ansmi t  omnid i r ec t iona l  r e fe rence  pu l se  s igna l  and  
t w o  fan-shaped RF ene rgy  beams ;  t he  pos i t i on  f ix  wou ld  be  made by  measur- 
i n g  t h e  time in t e rva l  be tween  two s i g n a l s ,  g i v i n g  a pas s ive  sys t em.  
E.  On Board  Computer  Systems 
1, Special-Purpose  Computers 
The re  a re  seve ra l  spec ia l -pu rpose  d ig i t a l  compute r s  on  j e t  t r a n s p o r t  
a i r c r a f t .   D i g i t a l   c o m p u t e r s   a r e   a s s o c i a t e d   w i t h  
I n e r t i a l  n a v i g a t i o n  
Astro-navigat ion 
Doppler  radar  
A u t o p i l o t  
F l i g h t  d i r e c t o r  
Maintenance recorder  
F l i g h t  r e c o r d e r  
8 4  
(8) A u t o m a t i c   t h r o t t l e  
( 9 )   V e r t i c a l   d i s p l a y s  
(10) A i r  data   computer .  
These computers  are  usual ly  hardwire-programmed and contain the 
a b s o l u t e  minimum i n  c o m p u t a t i o n a l  g e n e r a l i t y ,  e . g . ,  f i x e d - p o i n t  o p e r a t i o n  
on ly .  A s  s o l e l y  d e d i c a t e d  c o m p u t e r s  t h e y  a r e  u n a b l e  to  p e r f o r m  o t h e r  
computa t iona l   t asks ,  
2. General-Purpose  Computers 
A general-purpose computer can be programmed f o r  many d i f f e r e n t  com- 
p u t a t i o n a l   t a s k s .  The  computat ion  logic  is s tored   in   reprogrammable  mem- 
o r y .  I n  m u l t i p u r p o s e   d i s p l a y s  a general-purpose  computer is u s u a l l y  
r e q u i r e d  i n  o r d e r  t o  u s e  t h e  i n h e r e n t  f l e x i b i l i t y  o f  t h e  c a t h o d e - r a y  t u b e .  
The e l e c t r o n i c  a t t i t u d e - d i r e c t i o n  i n d i c a t o r  w i l l  a l s o  u s e  a genera l -  
pu rpose  d ig i t a l  compute r .  
i e f  Two gene ra l -pu rpose  a i rbo rne  compute r  sys t ems  a re  b r  
below. 
EW-24 Computer  System, TRW 
8 K  word memory modules--24 b i t  t w o ' s  complement 
CPU 
Independent I O  (2 I O  c o n t r o l l e r ,  8 1/0 p r o c e s s o r )  
Modular power supply 
Direct a d d r e s s  to 32K  memory p o s i t i o n s  
49 i n s t r u c t i o n s  
4-s add time 
329-s m u l t i p l y  time 
5 5 - s  d i v i d e  time 
F l o a t  s u b r o u t i n e  
l y  d e s c r i b e d  
d b l   p r o c e s s o r  Add--8 p s  
Registers 
Accumulator A r e q ,  Q 
Data 
3 h a r d w a r e  i n d e x  r e g i s t e r s  
C o n t r o l ,  1, 2 ,  3 
I n t e r r u p t  c a p a b i l i t y  
250-kHz c l o c k  
Direct and  buf fered  1/0 
Svstem 4 TT ComDuter. IBM 
1 6 K  core memory two's complement 
2 . 5 + s  c y c l e  
37 i n s t r u c t i o n s  
16 b i t s   p e r  word 
5 ou tpu t  channe l s  
8 i npu t   channe l s  67 d i g i t a l   i n p u t  
32 d i g i t a l  o u t p u t  
3 .8 - s  add time 1 hardware   i ndex   r eg i s t e r  
1 1 . 5 - p ~  m u l t i p l y  time 
46 .314s  d i v i d e  time 1/0 r a t e  60,000 wd/s/channel. 
The 477 computer i s  p l a n n e d  f o r  i n s t a l l a t i o n  i n  A 7  f i g h t e r  a i r c r a f t .  
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FIGURE 26 FUNCTIONS  PERFORMED BY THE IBM 47~ COMPUTER 
Sto rage  r equ i r emen t s  fo r  t he  A7 a i r c r a f t  s y s t e m  a r e  a s  f o l l o w s :  
E x e c u t i v e  r o u t i n e  
Naviga t ion  
I n i t i a l i z a t i o n  
Weapons d e l i v e r y  
Cont ro l  pane l  
B a l l i s t i c  t a b l e s  
S e l f  - tes t  
Subrout ines  
Data 
Sca 1 i n g  I/O 










1 , 300 
1,150 
12,950 
I n  a commercial SST a p p l i c a t i o n ,  t h e  Weapon D e l i v e r y  a n d  B a l l i s t i c  
Tables  would n o t  be   r equ i r ed .  I t  is c o n c e i v a b l e   t h a t   a s  many a s  3,700 
words  could  be  a l loca ted  to an  op t ima l  control a l g o r i t h m  for t h  4n system. 
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F. Engine   Ins t rument  
The engine measurement of g r e a t e s t  s i g n i f i c a n c e  t o  t h e  p r e s e n t  s t u d y  
is t h e  f u e l  f l o w  meter. F u e l  flow is measured b y  t h e  u s e  of a t u r b i n e  
meter, which is composed of a t u r b i n e  w i t h  a magne t i zed  b l ade  p l aced  in  
t h e  f u e l  l i n e .  For e a c h  r e v o l u t i o n  of t h e  t u r b i n e  a constant   volume of 
f u e l  is d i s p l a c e d ,  so t h a t  b y   c o u n t i n g   t h e   t u r b i n e   r e v o l u t i o n s ,   t h e  flow 
may be   measured .   Revolu t ions   a re   counted   wi th  a magnet ic   pick-up  located 
o u t s i d e  t h e  f u e l  l i n e .  The r e s u l t i n g  p u l s e s  a re  accumulated  and  presented 
d i r e c t l y   o n   d i g i t a l   r e a d o u t   d e v i c e s .  Range   and   accuracy   a re  
Range  Accuracy 
0-16,000 pounds/hour f50 - -00 pph 
In Appendix C the  remainder  of t h e  e n g i n e  i n s t r u m e n t s  a r e  discussed. 
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Part Two 
THEORY  NEEDED FOR THE OPTIMIZATION OF SST  OPERATION 
89 

I SOME STOCHASTIC CONTROL THEORY 
A .  I n t r o d u c t i o n  
The o p t i m i z a t i o n  o f  a n  SST t r a j e c t o r y  c a n  be fo rmula t ed  a s  a sto- 
chas t i c  con t ro l  p rob lem;  however ,  s ince  the  random e f f e c t s  a r e  s m a l l  i n  
magnitude, it is  r e a s o n a b l e  to  n e g l e c t  terms of  h ighe r  t han  second  order 
i n  p e r f o r m a n c e .  I n  t h i s  s e c t i o n  a theo re t i ca l   deve lopmen t   o f   s tochas t i c  
con t ro l  p rob lems  neg lec t ing  e f f ec t s  o f  h ighe r  t han  second  o rde r  i n  pe r -  
formance i s  c a r r i e d  o u t .  A p p l i c a t i o n  o f  t h i s  t h e o r y  t o  t h e  SST problem 
is p r e s e n t e d  l a t e r  i n  t h i s  report. The most g e n e r a l  c o n t r o l l e r  t h a t  
need be cons ide red  is a nomina l  con t ro l  p lus  a l i n e a r  f u n c t i o n  o f  t h e  
d i f f e rence  be tween  t h e  estimated and nominal s t a t e  s i n c e  h i g h e r  o r d e r  
terms i n  t h e  c o n t r o l  are e q u i v a l e n t  t o  s e c o n d  order i n  performance t o  
changes  of  the  nominal .  
B. A Stochas t ic   Cont ro l   Problem 
T h i s  problem i s  a gene ra l i za t ion  o f  t he  p rob lem s tud ied  unde r  
Con t rac t  N A S 2 - 3 4 7 6 .  The s o l u t i o n  i s  similar to  t h a t   o b t a i n e d   p r e v i o u s l y  
bu t  is i n  a more informat ive  form and  is o b t a i n e d  more simply.  
2 
1. The S t a t e   E q u a t i o n  
Consider  a system described by 
; = f ( x , u , t )  + W ( t ) ,  ( 2 0 )  
u( t) = u"( t) + K( t) E( t) - x"( t ) ]  + &( t) + AK( t) [;( t) - x"( t)  1, (21) 
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where x is an  estimate of the s ta te  o f  t h e  system and A 
x = f ( X O , U O , t ) .  
e 
(22) 
Normally &I"( t) and AK( t )  are ze ro  ; however ,  for  t h e  purpose of optimi-  
z a t i o n  it is c o n v e n i e n t  t o  i n c l u d e  them. 
If 
A 
Ax( t )  = X( t )  - X"( t )  
and 
t h e n  
A 
A B ( t )  = j( t)  - x ( t ) ,  
Furthermore, t h e  d e r i v a t i v e s  of Ax = E [ Ax 3 and P = E {Ax AxT} obey 
equa t ions  of t h e  form 
- A  - A  
. -
AX = E { ~ , . ( x , x  , X , W , U  , h , K , A K , t ) ]  
- A 0  A 
o A  0 
. 
P = E{o (x ,x0 ,x ,w ,u  , A U , K , A K , Q , ~ ) ]  . 
2 
The exact   forms  of  8 and 8 a re   g iven   i n   Append ix  D. ( N o t e   t h a t  i s  
1 2 
n o t  t h e  same as the  P d e f i n e d  i n  Ref. 2 . )  
- 
2. Performance 
Consider  t h e  fol lowing performance index 
and make n o t e  o f  t h e  f o l l o w i n g  i d e n t i t y  
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where x and P a r e  a s  y e t  u n d e f i n e d .  L e t  
A 
= E{m(x,u,t)  + x 8 + t r ( P  8 ) I  T 
1 2 
0 .o - 
a a(x  ,u  , t )  + a. + a1 + 34 Ax + 61 P , - 
2 3 
where (see Appendix D f o r  d e t a i l s )  
34 = t r i p e  + [2Pf ( x   , u  , t )  + Ho + KTHo 1 6  
A 0 0  
0 U xu uu 
+ - K  H KPI 1 T o  A 
2 uu 
= HO + HOK 
2 X U (33) 
34 = Pf ( x  , u  , t >  + f x ( X  ,u , t > P  + pxx + CPf (x0  , u o ,  t) 0 0  T o o  l o  3 X U 
+ -3 I K  + K T b f  ( x  ,u , t )  + fI IT + -K H K l o  0 0  l o  1 T o  
2 x u  U 2 x u  2 uu 
(34)  
HO(x  ,u , w  = ATf(x ,u , t>  + 4 x  ,u , t )  0 0  0 0  0 0  (35)  
N h 
and P and P a r e  d i s c u s s e d  b e l o w .  
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When Eqs .  (281, (291, and (30) a r e  combined, 
J F= 'iT(o)AS(0) + t r C P ( O ) P ( O ) J  + g[x"(T),T] 
T 
+ J0 f q x 0 , u o , t )  + 510 + Hl + ( H  + 1 )Ax + t r [ ( H  + i ) p ] } d t  T -  2 3 
+ {a [xo( T) , T I  - hT(T) s( T) + t r  Lo( T)  , T I  - P(T) IF(.)>. 
X 
I f  t h e  f o l l o w i n g  d e f i n i t i o n s  are made 




$ = -# P(T) = g Lo( T) , T I  
(37) 
t h e n  E q .  (36) r educes  t o  
rn 
J = J + AT( 0)z + trb(O)g(O) + f ( H o  + a l ) d t  . (40)  
0 0 
N A 
The t w o  q u a n t i t i e s  P (  t )  and P( t )  undef ined  above  are  def ined  as 
f o l l o w s :  
N A 
p ( t )  = E b x ( t )  xT(t) 3 (41) 
P ( t )  = Ef&( t )  AX ( t )  3 , A A AT (42)  
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A 
where it is assumed t h a t  E@x( t )  1 = 0 Ti .e., t h e  e s t i m a t e  is u n b i a s e d ) .  
If a  Kalman f i l t e r  is used to e s t i m a t e  x( t)  from noisy measurements on 
t h e  s y s t e m ,  P ( t )  = -P( t )  ( t h i s  r e s u l t  is a consequence  of  the  Wiener-Hopf 
equat ion)  and P(  t) is given by E q ,  ( 111-10) of  Ref .  2.  Another  case  of  
i n t e r e s t  o c c u r s  when a l l  s ta te  var iab les  a re  measured  and  cor rupted  by  




AX = F Ax + w 
n o i s e   i  ' (43)  
T A 
where E f w  ( t )  3 = 0 and E f w  
I n  t h i s  s i t u a t i o n ,  
n o i s e  noise '  t, Wnoi se  ( t )  I = Qnoise( t.> 6( t - 7) - 
A A A T  A 
P = F  P + P  F 
n o i s e   n o i s e  + 'noise 
and  (when AK = Au = 0 )  
+ P[f ( x o , u 0 , t ) K ( t ) l T  . A 
U 
(44) 
3. Opt imiza t ion  
F i r s t  c o n s i d e r  t he  p rob lem o f  f ind ing  the  optimum K given uo(  t ) .  
For t h i s  c a s e  set &,I e q u a l  to  -AKAx; t h e n  
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where it i s  assumed tha t  a n  o p t i m a l  e s t i m a t o r  ( i .e . ,  a Kalman f i l t e r )  is 
u s e d .  I f  H:u i s  p o s i t i v e  d e f i n i t e  t h e n  a s u f f i c i e n t  c o n d i t i o n  t ha t  K be 
op t ima l  i s  
2P f ( x   , u  , t )  + Ho + K Ho = 0 .  0 0  T 
U xu uu 
Assume t h a t  K s a t i s f i e s  E q .  (46) and c o n s i d e r  t h e  problem of  f inding 
t h e  op t ima l   nomina l   t r a j ec to ry .  Now AK i s  ze ro  and u becomes 1 
T h u s ,  n e c e s s a r y  c o n d i t i o n s  t h a t  uo(  t )  be op t ima l  are t h a t  Ho = 0 and 
Ho be p o s i t i v e   s e m i d e f i n i t e .  These c o n d i t i o n s  are t h e  same c o n d i t i o n s  
U 
uu A A 
t h a t  e x i s t  f o r  t h e  de te rminis t ic  problem found by s e t t i n g  Q(t)  = Ax( t )  
= Ax(0) = 0. I f  t h i s  de t e rmin i s t i c   p rob lem  has  a u n i q u e   s o l u t i o n ,   t h e n  
i t s  o p t i m a l  c o n t r o l  w i l l  be t h e  o p t i m a l  n o m i n a l  c o n t r o l .  I n  g e n e r a l ,  
Ho w i l l  be p o s i t i v e  d e f i n i t e ;  t h e  e x c e p t i o n a l  c a s e s  a r e  known a s  
s i n g u l a r  s o l u t i o n s .  
- 
uu 
C .  The E f f e c t s  o f  a S ta te -Dependent   Cons t ra in t   on   Cont ro l  
I n  t h e  above  s tochas t ic  cont ro l  problem no c o n s t r a i n t s  were assumed 
on t h e  c o n t r o l .  I n  t h e  p r e s e n t  s e c t i o n  t h e  e f f e c t s  of t h e  presence  of  
such   cons t r a in t s   a r e   cons ide red .   Fo r   s imp l i c i ty  it is  assumed t h a t  o n l y  
o n e  c o n s t r a i n t  and  one c o n t r o l  e x i s t s ;  m u l t i p l e  c o n s t r a i n t s  and c o n t r o l s  
are eas i ly   handled   in   an   ana logous   manner .  The c o n s t r a i n t  t a k e s  t h e  form 
where i t  i s  assumed t h a t  g and g e x i s t  and  g is p o s i t i v e .  
U X U 
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1. With P e r f e c t   I n f o r m a t i o n  
A 
F i r s t  c o n s i d e r  t h e  s i t u a t i o n  i n  w h i c h  Ax i s  zero. Assume t h a t  f o r  
a g iven  t ,  u is s u c h   t h a t   g ( x   , u  ) = 0. If 0 .   0 0  
and 
AKT = -(H")'l C2Pf ( X  , U  , t )  + H L  + K H ]Au , 0 0  T o  
U U uu 
t h e n  g ( x , u )  w i l l  be less t h a n  or e q u a l  t o  z e r o  to  f i r s t  o r d e r  f o r  Au 5 0 
and (dropping terms o f  h i g h e r  t h a n  s e c o n d  o r d e r )  
Hence a n e c e s s a r y  c o n d i t i o n  t h a t  uo be o p t i m a l  f o r  g( x o , u o )  = 0 is t h a t  
Ho 5 0 w i t h  H o  2 0 f o r  H o  = 0. F u r t h e r m o r e ,   t h e   a p p r o p r i a t e   a d j o i n t  
e q u a t i o n  t o  use i s  Eq. (37) with No a s  d e f i n e d  i n  Eq. (33)  and K a s  
d e f i n e d  i n  E q .  ( 4 9 ) .  
U uu U 
2 
2. With  ImDerfect  Information 
A 
I f  Ax i s  n o t  z e r o  t h e n  it is  imposs ib le  to  g u a r a n t e e  t h a t  t h e  c o n t r o l  
c h o s e n   i n  Eq. ( 2 1 )   s a t i s f i e s   t h e   c o n s t r a i n t   g i v e n   b y  Eq. (48 ) .  I n s t e a d  i t  
may be r e q u i r e d  t h a t  t h e  p r o b a b i l i t y  t h a t  f o r  a n y  g i v e n  x t h e  u chosen 
d o e s  n o t  e x c e e d  t h e  c o n s t r a i n t  b e  less t h a n  a fixed  number,   say a. I f  
i t  is assumed t h a t  Ax i s  d is t r ibu ted  normal ly  (which  i s  i n  k e e p i n g  w i t h  
t h e  i n c l u s i o n  of terms to s e c o n d  o r d e r ) ,  t h e n  
A 
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i s  d i s t r i b u t e d  
determined by 
normally w i t h  mean ze ro  and  va r i ance  one .  L e t  Y be 
then  t h e  p r o b a b i l i t y  t h a t  f3 > ' Y  is a. To f i r s t  o r d e r  ( w i t h  nuo  and AK 
e q u a l  t o  z e r o ) ,  
g( x , u )  = g ( x o , u o )  + g X ( ~ " , u o )  Ax + g ( x 0 , u o )  K (Ax + Ax) . (54)  A 
U 
If K i s  given by Eq. (49) and 
g ( x O , u O )  5 g u ( x O , u O )  - y& , ( 5 5 )  
g ( x , u )  w i l l  be less t h a n  z e r o  w i t h  p r o b a b i l i t y  CY. 
If Au i s  set  e q u a l  t o  - @ and AK as  g iven  by  E q .  (50), 
Eq.  (55) i s  s a t i s f i e d  t o  f i r s t  o r d e r  and 
d + 51 = -Ho Y K P K  + - Ho (1 + Y2)KPK . (56) 'T 1 A T  0 1  U 2 uu 
Note tha t  Ho i s  n e g a t i v e  o n  a c o n s t r a i n t  ; hence t h e  f i r s t  term o f  E q ,  (55 )  
i s  p o s i t i v e .  The term KPK i s  j u s t  t h e  s t a n d a r d   d e v i a t i o n  0 i n  t h e  
e s t i m a t e  o f  t h e  correct c o n t r o l  u t o  be a p p l i e d .  I n  t h e  absence of  
U 
A T  
U 
c o n s t r a i n t s ,  t h e  lowest  order term i n  t h e  cost caused b y  measurement 
errors is a f u n c t i o n  o f  0 , bu t  t h e  p re sence  o f  a c o n s t r a i n t  i n c r e a s e s  
t h i s  cost and  adds a term t h a t  i s  a f u n c t i o n  o f  cr . These  a d d i t i o n a l  






D. D i s c o n t i n u i t i e s  ~~ i n  t h e  D e r i v a t i v e   o f  t h e  Hamiltonian 
1. General  Comments 
The previous   theory   has .assumed t h a t  H and H are cont inuous .  I t  
X U 
is possible to extend  t h e  t h e o r y  to t h e  s i t u a t i o n  i n  which H and H are 
not  cont inuous on a f i n i t e  number o f  s u r f a c e s  i n  x-u space.  Consider  
t h e  con t ro l  p rob lem fo rmula t ed  in  Sec. B-1  (wi th  a s c a l a r  c o n t r o l  u f o r  
s i m p l i c i t y ) .  If  f ( x , u , t )  or R ( x , u , t )  or both are d i s c o n t i n u o u s   a c r o s s  
t h e  s u r f a c e  d e f i n e d  by g( x , u , t )  = 0 ,  where g > 0 ,  t hen  fo r  any  y, 
Ho( A,x ,u  , t )  defined by Eq. (35) w i l l  be d i s c o n t i n u o u s  a c r o s s  t h e  
s u r f a c e  g( x , u  , t )  = 0 .  A c o n t r o l  l a w  o f  t h e  form given by Eq . (25) 
w i l l  be assumed. 
X . u  
0 0  
U 
0 0  
By u s e  o f  t h e  same p r o c e d u r e  a s  t h a t  u s e d  a b o v e  i t  can be shown 
t h a t  a. (31) and Eq. (33) t o  (39) hold when g ( x  , U  , t )  = 0 ,  if 0 0  
H ! 1 l i m  CH ( h , x  + c , u o , t )  + H ( h , x  - c ,u  , t > ~  0 .  0 0 
xx 2 xx  xx 
c-9 
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The g a i n  K is  given by Eq. (49) and AK is g i v e n  i n  Appendix E (which 
c o n t a i n s  t h e  d e t a i l e d  d e r i v a t i o n )  a n d  
N 
= Ho & + i ; ”  Au + - H o   h 2 + - H  
1 U U 2 uu 2 uu 
- 1  1 9  &2 
N Q) 
where H and H a r e   d e f i n e d   i n  Appendix E .  The assumption  has  been 
U UU 
made t h a t  t h e  random v a r i a b l e s  a r e  d i s t r i b u t e d  normally,  a t  l e a s t  t o  
second order .  
2 .  Perfect   Measurements  
For  perfect  measurements ,  P = P = 0 ; t h e r e f o r e  Au = 1 Au I and ( t o  A -  N 
f i r s t  o r d e r )  
I f  




then & = 0 minimizes 51 Therefore Eqs. ( 6 8 )  and (69) are necessary 
conditions  for  optimality  of u0 when g( xo,uo, t) = 0 .  
1' 
3. Imperfect Measurements 
For imperfect measurements,  make the assumption that 
then 
= j$ (1 + cy)2 
m 




Substitution  of  these  results into Eq. (63) yields: 
1 -0 
uu ( 7 3 )  
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H + -  l ? & P  
uu a = -  
1 - 0  - H + H o  m' 
JG U uu 
(74 1 
Note t h a t  f o r  a = 0 a term p r o p o r t i o n a l  t o  &KT has been  added t o  t h e  
cost through t h e  l a s t  term i n  Eq. (73). By u s e  o f  a n  o p t i m a l  ty t h i s  
cost may be p a r t i a l l y  o f f s e t .  
E .  Conclusions 
I n  a stochastic c o n t r o l  p r o b l e m  i n  which terms o f  h i g h e r  t h a n  
s e c o n d  o r d e r  a r e  n e g l e c t e d ,  t h e  o p t i m a l  c o n t r o l l e r  c o n s i s t s  o f  a nominal 
c o n t r o l  p l u s  a l i n e a r  f u n c t i o n  o f  d i f f e r e n c e  b e t w e e n  t h e  optimum esti- 
mate of t h e  s t a t e  o f  t h e  system and t h e  n o m i n a l  s t a t e  o f  t h e  system. 
The optimum nominal control is found by s o l v i n g  t h e  d e t e r m i n i s t i c  c o n t r o l  
p r o b l e m  r e s u l t i n g  f r o m  i g n o r i n g  a l l  s t o c h a s t i c  e f f e c t s .  The optimum 
l i n e a r  g a i n s  a r e  f o u n d  by s o l v i n g  t h e  l i n e a r  q u a d r a t i c  p r o b l e m  i n  which 
t he  s t a t e  e q u a t i o n s  a r e  t h e  o r i g i n a l  e q u a t i o n s  l i n e a r i z e d  a b o u t  t h e  
nominal,  and t h e  c o s t  f u n c t i o n s  a r e  t h e  s e c o n d  d e r i v a t i v e s  o f  t h e  
Hami l ton ian   fo r   t he   nomina l   t r a j ec to ry   op t imiza t ion   p rob lem.  The 
s t o c h a s t i c  e f f e c t  a n d  d u a l  c o n t r o l  effect mentioned i n  R e f .  2 a r e  o f  
h igher  than  second order  and  thus  do n o t  a p p e a r .  The p r e s e n c e  o f  s t a t e -  
d e p e n d e n t  c o n s t r a i n t s  o n  c o n t r o l  c a n  be handled by a s l i g h t  m o d i f i c a t i o n  
of t h e  a d j o i n t  e q u a t i o n s ;  i f  t h e  s t a t e  i n f o r m a t i o n  i s  n o t  e x a c t  t h e  con- 
s t r a i n t  u s e d  i n  d e t e r m i n i n g  the nomina l  t r a j ec to ry  mus t  be  t i gh tened  to  
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ensure  that  the  actual  constraint is violated  with  low  probability. The 
presence of discontinuities in the  derivatives of the  Hamiltonian may 
also  be handled; the  nominal  trajectory  will  under  proper  conditions 
lie on the  surface of discontinuity. 
In the  absence of constraints and discontinuities  in  the  derivatives 
of the  Hamiltonian,  the  lowest  order  term in the  cost  caused  by  imperfect 
measurements  is  proportional to 0 , where CT is the  standard  deviation of 
the  error  in  control  caused by the  imperfect  measurements.  The  presence 
of constraints on the  nominal  adds  a  term  proportional to 0 and  in- 
creases  the  term  proportional  to 0 because of the  necessity of tighten- 
ing  the  constraint.  The  presence of discontinuity in the  derivatives 
of  the  Hamiltonian  along  the  nominal  also  adds  a  term  proportional  to 0 
because of the  rectifying  effect of the  discontinuity.  This  latter  cost 





I1 SOME OPTIMIZATION THEORY 
A. I n t r o d u c t i o n  
I n  t h i s  s e c t i o n  t h e  f o c u s  is on  the  problem of d e t e r m i n i n g  t h e  o p t i -  
mum c o n t r o l  h i s t o r y  for a d e t e r m i n i s t i c  c o n t r o l  problem. Such a problem 
is, for example ,   encountered   in   t ry ing  t o  f i n d  t h e  n o m i n a l  c o n t r o l  h i s t o r y  
f o r  t h e  s t o c h a s t i c  c o n t r o l  scheme  d i scussed   in   Sec .  I of P a r t  Two. 
B. Necessary  Condi t ions 
FOCUS now on   the   p roblem of de te rmin ing   t he   nomina l   t r a j ec to ry .   Fo r  
e a s e  of p r e s e n t a t i o n  t h e  O ' s  w i l l  be dropped.  The problem is to  select  
u ( t )  to  minimize 
s u b j e c t  t o  
x(0)  = X 
0 
g ( x , u , t )  5 0 . 
I t  is expedient  t o  add a s t a t e  v a r i a b l e  x' d e f i n e d  by 
x = 1  . I  x' ( 0 )  = 0 (77) 
and   r ep lace  t by XI. The   necessa ry   cond i t ions   fo r  a s o l u t i o n  ( d e r i v e d  
i n  t h e  p r e v i o u s  s e c t i o n )  c a n  b e  s t a t e d :  
Hug(x,u,x ' )  = 0 , 
H U ~ O  9 
105 
and 
.H 2 0  , uu 
i f  H = 0 where 
U 
H(x ,x ' , h ,h ' , u>  = h f + h' + 1 T 
- x  = H + H g  T (T) = 'px[x(T),Tl T 
X u x  
- x '  = H l + H g t  h ' (T)  = 0 - 
X u x  
C. A Use fu l  I d e n t i t y  
Make n o t e  of t h e  f o l l o w i n g  r e s u l t :  
= - ( i T + H g ) f + f h - ( i ' + H g / ) + X ' + H f i  T. 
u x  u x  U 
= o  
s i n c e  
when H f 0. Adding a c o n s t a n t  to  h' w i l l  i n  no way change  the  necessary 
c o n d i t i o n s .  I n  p a r t i c u l a r ,  i f  t h e   f i n a l   c o n d i t i o n  on h' is made -h f - a 
r a t h e r  t h a n  zere, H w i l l  b e  i d e n t i c a l l y  e q u a l  t o  z e r o  a l o n g  a n  o p t i m a l  




D. A .  Change in Independent   Var iab le  
Cons ider  now a change  in  independen t  va r i ab le  de f ined  by  
dt' 
where h > 0 .  I n  terms of t the  opt imizat ion  problem  becomes:  t 
t 
J = li ( T ) a ( ~ , ~ l , ~ )  h ( x , x l , u )   d t  t 
s u b j e c t  t o  
% = f ( x l , x ' , u )   h ( x , x ' , u )   x ( 0 )  = X 
0 
g ( x 1 , x 1 , 4  0 
01 
X = h ( x , x ' , u )  
t 
w h e r e   i n d i c a t e s   d e r i v a t i v e   w i t h   r e s p e c t   o  t . I n  terms of t h e  new 
i n d e p e n d e n t   v a r i a b l e ,   n e c e s s a r y   c o n d i t i o n s   a r e   g i v e n  by Eqs. (78),  (79), 
and (80) wi th  H r ep laced  by H , where t 
t tT  t '  
H = ?L f h + h   + & h  
tT O t T  (Hi + H t g  ) A -x = "  - u x  
h  h 
= H * *  + H g + H ( h  + hugx)x/h , * 
X u x  X 
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h h 
t '  
(T) = - hT(T)f(T)  - &(T) , (93  1 
t t '  
where H* is H w i t h  h r e p l a c e d  by h and h' by h . 
A l o n g  a n  o p t i m a l  t r a j e c t o r y  H E  0 and,  from comparison of Eqs.  (91),  
t t '  
(92 ) ,  and  (93)  with  Eqs.  (til), (82) ,   and  (83),  1 = 1, =.A', and 
H = H = 0. Thus  by t h e   u s e  of th i s   change   o f   i ndependen t   va r i ab le ,   t he  
dynamics of the  ad jo in t  va r i ab le  can  be  mod i f i ed  a long  nonop t ima l  t r a -  
jector ies  wi th  no  e f fec t  on  t h e  a d j o i n t  e q u a t i o n  a l o n g  t h e  o p t i m a l  t r a -  
jectories.  This   change is use fu l   i n   app ly ing   numer i ca l   t echn iques  t o  
f i n d  o p t i m a l  t r a j e c t o r i e s .  
+ t  
E .  Conclusion 
I t  is p o s s i b l e  t o  change the dynamics of t h e  a d j o i n t  e q u a t i o n  f o r  
n o n o p t i m a l  t r a j e c t o r i e s  by a change  in   independent   var iable--a   change 
t h a t  w i l l  s ubsequen t ly  p rove  use fu l  i n  the  numer i ca l  de t e rmina t ion  o f  t he  
optimum  nominal f o r  t h e  SST problem. 
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PART  THREE 
FORMULATION OF THE SUPERSONIC  TRANSPORT 
VERTICAL CONTROL  PROBLEM 
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I THE PATH AND CChlPONENT EQUATIONS 
A. Introduction 
In this  section  the  equations 
aircraft  are  derived  by  the  use of 
of motion of the  center  of  mass of an 
flat-earth  and  small-angle  approxi- 
mation to simplify  the  exact  equations,  which  follow  from  Newton's  laws. 
In addition,  the  equations used  in  describing  the  aerodynamics,  atmos- 
phere, and engine  are  developed. The standard  model  is  used  for  the 
aerodynamics, while the  atomospheric and engine  models  are  those 
presented in Secs.  I and  I1 of  Part One. 
B. Equations  of  Motion 
In this  section  appsoximate  aircraft  equations of motion  are  de- 
rived step by  step  from  the  exact  equations  found  by  application of 
Newton's  laws. 
1. Exact Equations 
If the  aircraft  is  considered  to  be  a  point  mass  in  three-dimensional 
space,  then six  variables  (the  velocity  vector  and  the  position  vector) 
are  needed  to  describe  its  motion.  It  is  common  practice to use  for 
these  six  variables  the  following: B the  latitude, 1 the  longitude, 
h  the  geometric  altitude, v the speed, y the  flight-path angle, and 
$ the  heading.  To  complete  the  equations, it is  necessary  to specify 
the forces  acting on the aircraft: gravity,  centrifugal  and  Coriolis 
forces, lift  and drag, and  thrust.  If  it  is  assumed  that engines  are 
aligned with  the  aircraft,  then  the  direction of the  thrust  is  determined 
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by   t he   ang le  of a t t a c k  and t h e   r o l l   a n g l e  cp. A l l  e igh t   o f   t hese   va r i -  
a b l e s  are de f ined  by Fig .  27. 
By use of Newton's  laws,  a system of s i x  c o u p l e d  d i f f e r e n t i a l  
equa t ions  can  be w r i t t e n :  
m t  = T cos  CY - D - mg s i n  y 
+ m u  r cos  P ( c o s  B s i n  y - s i n  B cos y s i n  $ )  2 (94) 
2 + mu r cos $ (cos $ c o s  y + s i n  B s i n  y s i n  $)  (95) 
-mv cos  y$ = ( T  s i n  cy + L) s i n  rp + mv cos y 
. 
h = v s i n  y 
r$ = v cos y s i n  $ 
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POLAR AXIS 
(a) Baric Coordinate System 
(b) Vehicle Orientation 
FIGURE 27 DEFINITION OF VARIABLES 
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" 
where U) is the  rate  of  rotation f  the earth, g is  the  acceleration of 
gravity, r is R + h, Ro is  the  radius of the  earth, m is the  mass of 
the aircraft, T is Thrust, L is lift, and D is  drag. 
0 
2. ADDroximate Eauations 
Make note of the  following  values: 
2 
= 9.80665 m/s , 
R 7 x 1 0  m , 6 
0 "  
v < IO m / s  , 3 
u) 7 X 10 rads , and 
-5 
Therefore: 
r = R + h  = R  
0 0 '  
go ' r 
2 -2 
W r 3 . 5  x 10 << go , 
7 x 10 << go -2  , and 
2 
r 
V 0.14 << g - 0 .  
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For  passenger comfort, y will be  constrained;  certainly it is rea- 
sonable to assume  that cos y > sin y (i.e., y < 45'). Hence from  the 
above, Eqs. (94) and (95) may be rewritten 
2 
mv = TCOSCY- D - sin y - mu, R cos B sin B cos y sin (100) mgO 0 
3. Alternate Equations 
a* - Energy 
The energy  (per  unit  mass)  is the sum of  potential and 
kinetic  energy 
E = g h + - v  . 
0 2  
1 2  
A  differential  equation  for  E may  be written by combining  Eqs. (94) 
and (97) : 
. 
E 
(T COS CY - 2 
m 
+ u1 r  cos $ (cos B sin y - sin B cos y sin q>v . (103) 
Equation (97) can be  replaced by  Eq. (103) and h  by  E as a  state  variable. 
I .. 
b. Range 
For any  ground path, $ and 1 can be  taken  to  be known functions 
of x, the  range  (distance  traveled on earth's  surface), which  obeys 
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Furthermore , with knowledge of B and 1 a s  f u n c t i o n s  o f  x , Eqs. (98), (99)  , 
and (104) can be s o l v e d  t o  y i e l d  
s i n  $ = - R 
a x  0 
These   th ree   equat ions  may be s u b s t i t u t e d  i n t o  Eq. ( 9 6 )   t o   g i v e  v. Hence 
f o r  a s p e c i f i e d  g r o u n d  p a t h  t h e  b e h a v i o r  o f  t h e  a i r p l a n e  c a n  be desc r ibed  
by f o u r   s t a t e   v a r i a b l e s :   v ,  y, x, and E. 
4 .  S t r a i g h t - F l i g h t   E a u a t i o n s  
I t  w i l l  be  assumed i n  t h e  s e q u e l  t h a t  t h e  g r o u n d  p a t h  i s  a 
s t r a i g h t   l i n e ;   i . e . ,   t u r n s  w i l l  no t  be cons idered .  To c o n s i d e r   t u r n s  
p r o p e r l y ,  it i s  n e c e s s a r y  t o  c o n s i d e r  a t t i t u d e  c o n t r o l  o f  t h e  a i r p l a n e  
as wel l   as   gu idance .   I f   the   g round  pa th  i s  s t r a i g h t ,  t h e n  v w i l l  be 
q u i t e  s m a l l  and hence   cos  cp w i l l  be v e r y  c lose   t o   one .   Fu r the rmore ,   t he  
l a s t  term on the  r igh t -hand side of  Eqs. (100) and (103) i s  i n  e f f e c t  an 
add i t iona l  d rag  caused  by c e n t r i f u g a l  f o r c e  and w i l l  be ignored  in  the  
s e q u e l .   H e n c e ,   i n   s t r a i g h t   f l i g h t  t he  equat ions  of   motion  are  
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. (T cos a 2D)v ” 
E =  m 
v =  
T COS a - b - go sin y 
m 
vy = 
T sin a + L - go cos Y m 
. 
x = v c o s y  . 
C. Component Equations 
1. Aerodynamics 
a. Drag 
A standard  quadratic  polar is  assumed  for  the  drag:17 
-
where S is  a  reference  area, (1/2)pv is  the  dynamic  pressure, p is  the 
air  density,  f and  f are  drag  coefficients,  which  depend  upon M the 
Mach  number, and C is the lift  coefficient. 
2 
0 L 
D D n 
L 
b. Lift -
Lift  is  given  by 
s 2  
2 
L = - PV CL(Mn, CY) . 
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I t  is assumed t h a t  C i s  l i n e a r  i n  CY: .... 
.!.X 
c - 8  
L 
c. L i f t  and   Drag   Coeff ic ien ts  
I n  t h e  a b o v e  e q u a t i o n s  f o r  l i f t  and  d rag  the re  appea r  t h ree  
f u n c t i o n s  o f  t h e  Mach number.  For a t y p i c a l  SST they  migh t  t ake  the  
form shown in  Fig.   28.   Note   that   below M = C a l l   t h r e e   a r e   c o n s t a n t s .  
Because  thep lane  d i v e r t s  the  f low of a i r ,  p o r t i o n s  o f  t h e  f l o w  w i l l  
a t t a i n  Mach one  be fo re  the  p l ane  r eaches  Mach one; C i s  t h e  Mach number 
a t  which t h i s  s t a r t s .  The d r a g  a n d  l i f t  c o e f f i c i e n t s  a r e  c o n s t a n t  below 
t h i s  v a l u e  b e c a u s e  t h e  f l o w  i s  completely subsonic .  
n 1 
1 
C o n s i d e r  t h e  f o l l o w i n g  m o d e l s  f o r  t h e  d r a g  c o e f f i c i e n t s :  
f 
M S C  
n 1 
I n  a s i m i l a r  manner f can  be  modeled by 
L 
f ( M )  = 
L n  1 
2 19 
C 
b 1 7  + c 18 (M n - cl) e 
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c, = 0.00 
cz = 0.04 
cg = 0.000 . 
C, = 147.18 
C, = -240.29 
C, = 102.74 
C, = -7.56 
C8 = 0 
cg = 0 
C,, = 0.32 
C,, = 0.04772 
C,, = 0.13089 
C,g = 0.34686 
c,, = 0.2 
c,, = 0 
c,, = 0 
C,, = 2.5 
C18 = -0.264 
Clg = -0.05 
FIGURE 28 TYPICAL  ERODYNAMICS 
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Figure  28 g i v e s  a set of typical aerodynamics modeled by t h e s e  e q u a t i o n s .  
2. Atmosphere 
a .  The Bas ic   Equat ion  
The change  of a i r  p r e s s u r e  Ap i n  a  c h a n g e  i n  a l t i t u d e  of Ah 
i s  given by 
where p is  t h e  d e n s i t y  of a i r .  The t r u t h  of t h i s  s t a t e m e n t  i s  e a s i l y  
v e r i f i e d  by no t ing  tha t  t he  r igh t -hand  s ide  i s  the  weight  of a i r  i n  a 
volume Ah h i g h  w i t h  u n i t  c r o s s - s e c t i o n a l  a r e a .  B u t  f rom the  pe r fec t  
gas  law 
p = -  P 
R e  ' 
where  p i s  t h e  a i r  p r e s s u r e  and 8 t h e   a b s o l u t e   a i r   t e m p e r a t u r e .   S u b s t i -  
t u t i o n  of  Eq. (119) i n  Eq. (118) and p a s s a g e  t o  t h e  limit y i e l d s  
Given a t e m p e r a t u r e  p r o f i l e  8 = Q ( h ) ,  one  can  in t eg ra t e  Eq. (120) t o  
y i e l d  a p r e s s u r e  p r o f i l e  p(  h) . An atmosphere obeying Eq. (120) is 
commonly ca l led  an  exponent ia l  a tmosphere .  
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b. The T e m p e r a t u r e   P r o f i l e  
The  model of the  tempera ture  used  i s  
'TROP  LPS  TRO  
+ k ( h  - h)  h < h  
h 2 h  8 ( h )  = 
TROP 
TROP 'TROP 
where 0 i s  t h e   t e m p e r a t u r e  a t  t h e   t r o p o p a u s e ,  h is t h e   a l t i t u d e  
of t h e   t r o p o p a u s e ,  and k i s  t h e   l a p s e  rate.  
TROP TROP 
LPS 
c. The P r e s s u r e   P r o f i l e  
I f  t h e  t e m p e r a t u r e  p r o f i l e  of E q .  ( 1 2 1 )  i s  s u b s t i t u t e d  i n t o  
Eq. (120) and Eq. (120) i s  i n t e g r a t e d ,   t h e   f o l l o w i n g   p r e s s u r e   p r o f i l e  
resul ts :  




a .   Bas ic  Model 
The t r u s t  T and f u e l  f l o w  W depend upon outs ide pressure p,  
f 
t h e  o u t s i d e  ( a b s o l u t e )  t e m p e r a t u r e  0 ,  t h e  Mach number M , and t h e  power 
s e t t i n g  n. In  Sec.  I of P a r t  One a very good s imple model  of t h e s e  





The f u n c t i o n  g c o n t a i n s   t h e   i n f o r m a t i o n   i n   F i g .  5 ,  and  gand  g c o n t a i n  
the   i n fo rma t ion  from Figs .   15  and  16.  The  power s e t t i n g  n has  been re- 
placed by  a r e l a t e d  v a r i a b l e  n, defined below. 
1 2 3 
* 
The y i n  t h e s e  e q u a t i o n s  i s  n o t  t h e  f l i g h t - p a t h  a n g l e  bu t  r a t h e r  t h e  
r a t i o  of s p e c i f i c  h e a t s  (see Appendix A ) .  
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b. Functional Equations 
As approximate  fits to the  curves  given in Sec. I of  Part One, 
the  functions g and g  may be  parameterized  in  the  following 
manner : 
1’ g2’ 3 
M 5 1  
n 
M > 1  , 
3 n  n 
where k is  a  constant  equal  to  the  number of engines  times  a  conversion 
factor  between  units (e.g. pressure  might  be  in  millibars  and  thrust  in gl 
newtons/m ) . 2 
f 
g3(=’e*) = .I 
* 





where k is  t h e   o u t s i d e   t o t a l   t e m p e r a t u r e  a t  wh ich   t he   ng ine   t o t a l  
gcIg3 
temperat&$ first reaches  i t s  c o n s t r a i n t  f o r  maximum power s e t t i n g .  I f  
a t o  a a re   chosen  so t h a t  g (l,0 ) models t h e  f u e l   f l o w   f o r  maximum 
power s e t t i n g ,  t h e n n i s  j u s t  t h e  f r a c t i o n  o f  t h e  maximum p o s s i b l e  f u e l  
f l o w   p o s s i b l e   a t  a g iven   t empera tu re .   Fu r the rmore ,   fo r   each  8 t h e r e  i s  
a  one-to-one  correspondence  between i-r and the  power s e t t i n g  l . Figure  29 
* 
19 23 3 
* 
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I1 THE VERTICAL CONTROL PROBLEM 
A .  I n t r o d u c t i o n  
I n  t h i s  s e c t i o n  t h e  v e r t i c a l  c o n t r o l  p r o b l e m  p o s e d  i n  t h e  I n t r o d u c t i o n  
i s  formulated  mathematical ly .   The s ta te  equa t ions  t o  be u s e d  a r e  based 
upon t h e  e q u a t i o n s  of m o t i o n  d e r i v e d  i n  t h e  p r e v i o u s  s e c t i o n .  To formu- 
l a t e  t h e  c o n t r o l  p r o b l e m ,  it i s  necessa ry  to  change the independent  var-  
iable  and t o  r e d u c e  t h e  number o f  s ta te  e q u a t i o n s  t o  o n e .  
B .  Problem  Formulation 
1. Basic   Eauat ions  
Equat ions  (108) t o  (111) a r e  t h e  e q u a t i o n s  o f  m o t i o n  f o r  s t r a i g h t  
f l i g h t .  They  form t h e  basis of t h e  op t imiza t ion  p rob lem fo r  de t e rmin ing  
t h e   n o m i n a l   t r a j e c t o r y  . 
a .  Fuel Equat ions  
The above-mentioned equations use time a s  t h e  i n d e p e n d e n t  
v a r i a b l e ;  i t  is  more convenient  t o  u s e  f u e l  u s e d  1J. as an independent  
v a r i a b l e .  I n  t h i s  s i t u a t i o n  t h e  mass of t h e  SST is a f u n c t i o n  o f  p :  
where m i s  t h e  i n i t i a l  mass. To c o n v e r t   t h e   e q u a t i o n s  of t h e   p r e v i o u s  
sec t ion  f rom t ime-dependen t  d i f f e ren t i a l  equa t ions  t o  fuel-used-dependent 
0 
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d i f f e r e n t i a l  e q u a t i o n s ,  t h e  re la t ion  be tween fue l  used  and  time i s  
needed : 
p = w  
f 
b. S t a t e   E a u a t i o n s  
The b a s i c  s t a t e  v a r i a b l e s  n e e d e d  f o r  t r a j e c t o r y  o p t i m i z a t i o n  
a r e  E,  v,  and Y. I n  terms o f   f u e l   u s e d ,   t h e y  obey t h e  f o l l o w i n g   d i f f e r -  
e n t i a l  e q u a t i o n s :  
dE ( T  COS Cy - D)v 
dP ( m o  - P)Wf " - 
dv T cos  Cy - D 
dP 
"- " 
( m o  - 4 W f  s i n  Y W f 
c . Performance  Index 
The fol lowing performance index is  u s e d :  
lJ'f 
v cos Y - a = s  W d v  9 
0 f 
where J is t o  be maximized  and a determines t h e  trade-off between maxi- 
mizing range and minimizing time. 
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d .  C o n s t r a i n t s  
Two c o n s t r a i n t s  limit t h e  v e l o c i t y  a t  which an SST c a n  t r a v e l :  
s o n i c  boom c o n s t r a i n t s  and s t r u c t u r a l   c o n s t r a i n t s .   S i m p l e   f o r m s  were 
assumed f o r  t h e s e  c o n s t r a i n t s  i n  t h e  o p t i m i z a t i o n s  d e s c r i b e d  a s  f o l l o w s :  
The s o n i c  boom c o n s t r a i n t  p r o h i b i t s  t h e  SST from exceeding the speed of 
sound  below  a  given a l t i t u d e ,  and t h e  s t r u c t u r a l  c o n s t r a i n t  p r o h i b i t s  
t h e  t o t a l  t e m p e r a t u r e  e* from  exceeding  a  given limit. Both  these  con- 
s t r a i n t s  c a n  b e  s t a t e d  as c o n s t r a i n t s  o n  v e l o c i t y  t h a t  a r e  f u n c t i o n s  o f  
t he  ene rgy  and  a tmosphe r i c  pa rame te r s ;  de t a i l s  a r e  g iven  in  Append ix  F .  
A c o n s t r a i n t  e x i s t s  o n  t h e  t o t a l  a c c e l e r a t i o n  t h a t  a passenger  
i n  t h e  SST  may e x p e r i e n c e .  I n  p a r t i c u l a r  i t  i s  assumed t h a t  t h e  t o t a l  
g ’ s  f e l t  by the  pas senge r  inc lud ing  g rav i ty  do not vary from 1 g by more 
than  0.1 g :  
F i n a l l y ,  a b u f f e t i n g  c o n s t r a i n t  e x i s t s  on t h e  p e r m i s s i b l e  
a n g l e  o f  a t t a c k  t h a t  t h e  a i r p l a n e  c a n  t a k e  a t  a g iven  ve loc i ty  and energy 
l e v e l .  
2. The E l imina t ion  ~~ o f  y a s  a S t a t e  V a r i a b l e  
I n   t h e   s t a t e   e q u a t i o n s   g i v e n   a b o v e ,   t h e   c o n t r o l   v a r i a b l e  i s  a. I f  
Cy is t h e  c o n t r o l  v a r i a b l e ,  some a s p e c t s  of a t t i t u d e  c o n t r o l  a r e  i n c l u d e d  
i n  t h e  t r a j e c t o r y  o p t i m i z a t i o n  p r o g r a m .  The  amount of  time t a k e n  f o r  
( o r  e q u i v a l e n t l y ,  t h e  amount o f  fue l  u sed  in )  chang ing  Y is  ve ry  sma l l ;  
hence it is  much more r e a s o n a b l e  t o  t a k e  Y t o  b e  t h e  c o n t r o l  v a r i a b l e .  
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a. Elimination of Q' 
To make y the  control  variable it  is necessary  to  eliminate 
w. (134). This task  is  accomplished  by  setting  equal to zero, which 
in +,urn implies  that 
T sin cy + L = ( m o  - p)go cos y , ( 137) 
or with  the aid  of  Eqs. (113) and (114) and a small-angle  approximation, 
where 
r = - p v  A s  2 
2 
b. Computation  of  Lift  and Drag 
To compute  the  drag it is  necessary  to know the lift, which 
may  be  found  by substitution  of  Eqs. (138) and (113) into  Eq. (114): 
where 
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Drag is computed  by  substitution  of  Eqs. (113)  and (137)  into Eq. (112)  : 
2 
0 
D = r f ( ~ )  + -  L 
D n  r '  
Note  that  both L and D are  functions  of y and T. 
c. Modification of the  Acceleration  Constraint 
~ . . 
If  is  taken  equal to zero, Eq. (136) may  be  simplified  as 
follows: Eq. (136) implies  that 
or 
0.81g 5 t + 2;g sin y + g s 1.21 g 2 2  2  2 
or approximately  that 
3. The Elimination of v as a State  Variable 
Just as above y was eliminated  as a state  variable  and  made a con- 
trol  variable  with CY being  replaced  with a nominal  value, v will  be 
eliminated as a state  variable  and  made a control  variable  with y being 
replaced  by a nominal  value.  It is not  possible  to  determine  the 
nominal y by  setting f equal  to zero in  analogy to  the  determination  of 
the  nominal CY by setting = 0. Instead  the  nominal y will be  chosen  in 
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the cour se  of n u m e r i c a l  i n t e g r a t i o n  of Eq. ( 1 3 2 )  d u r i n g  t h e  a c t u a l  
o p t i m i z a t i o n  d i s c u s s e d  i n  S e c .  I1 of  Part  Four .  
From Eqs.  (132)  and (133) w i t h  small-angle approximations on a, 
(144) 
Suppose pi-1 and  pi-2 a r e  the f u e l s  used a t  t h e  two p rev ious  in t e -  
g r a t i o n   s t e p s ,  v  and  v are t h e  c o r r e s p o n d i n g   o p t i m a l   v e l o c i t i e s ,  
and  ( E/dp) and ( W f )  a r e  the  v a l u e s  of (dE/dp)  and W computed a t  
1- 1 f 
1- 1 1-2 
pi-f 1-1’ 
Then y the va lue  of y a t  p i s  given approximately by 
1-1’ 
v - v  
s i n  y 
i 
1- 1 
When performing the o p t i m i z a t i o n  a t  p t h e  va lue  of cos  y needed is 
computed from 
1’ 
The f i n a l  f o r m u l a  i s  u s e d  t o  e n s u r e  t h a t  the value under the r a d i c a l  
I s  p o s i t i v e .  
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PART FOUR 
SOIIITION OF THE VERTICAL CONTROL PFOBLEM 
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I THE NOMINAL CONTROL 
A.  I n t r o d u c t i o n  
T h e  n o m i n a l  c o n t r o l  h i s t o r y  f o r  t h e  v e r t i c a l  c o n t r o l  p r o b l e m  p o s e d  
i n  Sec. I of  Pa r t  Three  and  fo rmula t ed  ma themat i ca l ly  in  Sec .  I1 of P a r t  
Three can be found uelng the technique described i n  Sec. I1 of P a r t  Two. 
T h e r e  e x i s t s  a maximum v e l o c i t y  a t  which t h e  SST c a n  f l y .  When a t  t h i s  
maximum, t h e  o n l y  o p t i m i z a t i o n  t h a t  c a n  be performed i s  t o  p i c k  t h e  a l t i -  
t u d e  a t  which fuel   consumption i s  minimum. T h i s  a l t i t u d e ,  which may de- 
pend  upon the  we igh t  o f  t he  a i rp l ane ,  de t e rmines  the optimum c r u i s e .  The 
r ema inde r  o f  t he  t r a j ec to ry  can  be broken down i n t o  an optimum climbout 
t o  g e t  t o  c r u i s e  and  an  optimum  letdown t o  g e t  b a c k  t o  t h e  g r o u n d .  T h e  
problem of determining optimum c r u i s e  i s  p u r e l y  a l g e b r a i c  w h i l e  t h a t  of 
de te rmining  optimum letdown and cl imbout  are  var ia t ional  problems.  
B.  C r u i s e  
I n  c r u i s e ,  t h e  SST i s  t r a v e l i n g  a t  maximum v e l o c i t y ,  and  s ince  c ru i se  
i s  above the t ropopause , t h i s  maximum v e l o c i t y  i s  independent of t h e  en- 
e r g y .   F u r t h e r m o r e ,   t h e   f l i g h t - p a t h   a n g l e  y i s  s m a l l   d u r i n g   c r u i s e ;   t h e r e -  
fore  per formance  w i l l  be o p t i m i z e d  i f  W i s  minimized by choice of cruise 
e n e r g y  ( o r  e q u i v a l e n t l y  s i n c e  v i s  known, c r u i s e  a l t i t u d e ) .  T h i s  m i n i -  
miza t ion  must be p e r f o r m e d  s u b j e c t  t o  t h e  c o n s t r a i n t  t h a t  6 be z e r o ;  
t h e r e f o r e ,  w i t h  a smal l -angle  approximat ion  for  cos  a, n must be chosen 
so t h a t  
f 
T - D - (mO - +)go s i n  y = 0 , 
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o r  s i n c e  y i s  q u i t e  s m a l l ,  
S i n c e  L FS (mO - k)go and W = SFC T , where SFC is  the  s p e c i f i c  f u e l  A 
f 
consumption, 
Then W w i l l  be minimized i f  L/b d iv ided  by SFC i s  maximized. A c r u i s e  
i n  which L/D d iv ided  by SFC i s  maximized a s  a f u n c t i o n  o f  a l t i t u d e  i s  
known a s  a Breuget  cruise .  Because L/D i s  a much s t ronge r  func t ion  o f  
a l t i t u d e  t h a n  SFC, t h i s  o p t i m i z a t i o n  i s  e s s e n t i a l l y  a trade-off between 
z e r o  l i f t  d r a g ,  which decreases  with al t i tude,  and induced drag,  which 
i n c r e a s e s  w i t h  a l t i t u d e .  As the SST f l i e s  i t  becomes l i g h t e r ,  and  hence 
the induced drag becomes less a n d  t h e  c r u i s e  a l t i t u d e  h i g h e r .  
f 
The opt imizat ion can be performed by adjoining Eq. (148) t o  W 
f :  
x = V W  + T - D  
f 
N e c e s s a r y  c o n d i t i o n s  f o r  o p t i m i z a t i o n  a r e  t h e n  
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C. Climbout  and  Letdown 
1. SeDarat ion of the   Problem 
The performance index given i n  t h e  p r e v i o u s  s e c t i o n ,  Eq. (135) , 
can be r e w r i t t e n  
where 
J = J + J   + J  
1 2  3 '  
I 
J = max 
1 * 
0 f 
V - a  
dCL 
W 
r v  
J  x 
 
- {lf coi - a 0 f max - 7 dp V J2 - - * W f 




p2 f max W - * 
f 
and where W= i s  the  fue l  consumpt ion  a long  an  opt imum cru ise ,  p, i s  t h e  
* 
I 
f u e l  u s e d  a t  t h e  e n d  of 
of descen t .  
With a small-angle  
I 
cl imbout ,   and p i s  the f u e l  u s e d  a t  t h e  s t a r t  2 
approximation on cy , Eq. ( 132) becomes : 
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The problem of  f ind ing  the  opt imal  c l imbout  i s  thus maximization of J 
s u b j e c t  t o  Eq. (157) and t h e  c o n s t r a i n t  t h a t  v 5 v ( E )  , where  v i s  
g iven  in  Appendix  F. The problem of  f inding the opt imal  le tdown i s  t h e  
2 
C C 
same e x c e p t   t h a t  J r e p l a c e s  J 
3 2' 
The opt imal  c l imbout  i s  a f i x e d  i n i t i a l  p o i n t ,  f r e e  f i n a l  p o i n t  
problem whereas the optimal letdown i s  a f r e e  i n i t i a l  p o i n t ,  f i x e d  f i n a l  
po in t  p rob lem ( s ince  p 
1 
i t  w i l l  be assumed t h a t  
t o  i t s  minimum v a l u e  i n  
and p a r e   n o t   s p e c i f i e d  a p r i o r i ) .   F u r t h e r m o r e ,  
t h e  power s e t t i n g  'IT i s  set t o  1 in cl imbout  and 
le tdown.   Hence   energy   increases   wi th   fue l  used 
2 
i n  c l i m b o u t  and  dec reases  wi th  fue l  u sed  in  l e tdown .  For  these  two  
r e a s o n s ,  i t  i s  conven ien t   t o   so lve   l e tdown   in  reverse t ime.   Below,   the 
cl imbout  problem only w i l l  be t r e a t e d ,  i n  g e n e r a l ,  s i n c e  t h e  l e t d o w n  
problem i s  ma themat i ca l ly  equ iva len t .  
2. Hamil tonian  and  Adjoint   Equat ions 
I n  Sec. I1 of  Pa r t  Two g e n e r a l  e q u a t i o n s  a r e  g i v e n  f o r  t h e  
Hami l ton ian  and  ad jo in t s  fo r  a gene ra l  con t ro l  p rob lem.  For  the  SST 
c l imbout  problem these  equat ions  take  the  form 
/T - D\ 
H =  






V - a  
max 
W 
b =  
J J( 163) 
L 
+ 





W - b ( v  cos y - a) dP * 
f 
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For  c l imbout  W 7 b ( v   c o s  y - a )  so t h a t  t h i s  c h a n g e  i s  l e g i t i m a t e .  For 
letdown W < b(v  cos  y - a )  ; hence dpl and H must be taken a s  the  nega-  
t i v e s  o f   t he   va lue   g iven  i n  E q s .  (158)  and (165). S i m i l a r  c o n s i d e r a t i o n s  
a p p l y  i n  t h e  s e q u e l ,  b u t  w i l l  no t  be  noted .  
f 
f 
F i n a l   c o n d i t i o n s  on 1 and 1 a re   de t e rmined   a s   fo l lows .   S ince  
1 2 
pl i s  f r e e  
and from the requirement H(p ) = 0 
1 
(mo- p) W - b(  v cos y - a )  
f 
xl(pl) = ( T  - D ) v  b 
3. Modif icat ion  of   the  Hamil tonian  and  Adjoint   Equat ions 
O n l y  t h e  f i r s t  terms of  the Hamil tonian [Eq. ( 1 5 8 ) ]  a f f e c t  t h e  o p t i -  
m i z a t i o n ;   i n   a d d i t i o n ,   f r o m   p h y s i c a l   c o n s i d e r a t i o n s  ), i s  p o s i t i v e ;   h e n c e  
H may be replaced by 
1 
(T - D ) v  + M (M - p) 
W - b ( v  cos y - a )  
f O  
H I  = 2 
f 
where 1 = 1 /A N e c e s s a r y   c o n d i t i o n s   f o r   o p t i m a l i t y   a r e  A 
2 1’ 
H ’ v  = 0 
v c  
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+ (T - D) (i - av - b COS y H' = 
V W - b ( v  cos y - a) av   av  f W - b ( v  cos y - a) f 
From E q s .  (159) and (160) 
dX 1  I2 
and from E q s .  ( 166) and ( 167) 
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I 
4 .  D i s c o n t i n u i t i e s   i n   D e r i v a t i v e s  of the   Hami l tonian  
* 
For a g iven  E ,  a t  v s u c h  t h a t  h = and 8 = kgzg3 , H and H hTROP V E 
a r e  n o t  c o n t i n u o u s  ( w h i c h  i n  t u r n  i m p l i e s  tha t  B ,  C ,  and H'  a r e  n o t  
continuous).  The  theory  of  Sec. I of P a r t  Two may b e  a p p l i e d  t o  accom- 
modate t h i s  c i rcumstance .   Le t  ?(E) be a v s u c h   t h a t   t h e   d i s c o n t i n u o u s  
d e r i v a t i v e s   o c c u r .  Then i f  hv / a E  i s  set  equa l  to  a:/aE i n  Eqs. (163) 




H I  * Y(E)  = 0 
V 
w i t h  H I  p o s i t i v e  for v approaching 7 f rom below and negat ive for  v ap- 
proaching  v from above. 
V 
ycr 
T h e  n e c e s s a r y  c o n d i t i o n s  t a k i n g  i n t o  a c c o u n t  b o t h  c o n s t r a i n t s  a n d  
d i s c o n t i n u i t i e s  may be summarized a s  f o l l o w s :  When v = v ( E )  set 
aVc/aE = av  /a~ i n  Eqs. (163) and (164) f o r  B and C ;  when v = ;(E) set  
a v  /aE = ay/aE, and when v does  no t  equa l  v ( E )  o r  ;(E) set  a v  /aE equa l  
t o  z e r o .  A n e c e s s a r y  c o n d i t i o n  t h a t  v be op t ima l  i s  t h a t  i t  maximize H I .  
C 
C 
C C C 
5. The  Optimizat ion  Procedure 
The fol lowing technique may be u s e d  t o  f i n d  t h e  optimum climbout 
t r a j e c t o r y .  An i n i t i a l  guess i s  f o u n d  b y  s e t t i n g  1 i n  Eq. (168) f o r  HI 
e q u a l   t o   z e r o .   T h e   s t a t e   e q u a t i o n ,   E q .   ( 1 5 7 ) ,  i s  in t eg ra t ed   fo rward   w i th  
v selected a t  e a c h  i n t e g r a t i o n  s t e p  so a s  t o  maximize HI; i n t e g r a t i o n  
p r o c e e d s  u n t i l  t h e  e n e r g y  E ( y )  e q u a l s  t h e  e n e r g y  E (p,) for t h e  optimum * 
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c r u i s e .  t A ,  B , and C a r e  computed and s t o r e d  a t  e a c h  i n t e g r a t i o n  s t e p  
a n d  t h e n  u s e d  t o  i n t e g r a t e  t h e  a d j . o i n t  e q u a t i o n ,  Eq. (171) , backward 
wi th  1 = 0 a s  t h e  f i n a l  c o n d i t i o n .  The s t a t e  e q u a t i o n  may  now be i n t e -  
g ra t ed  fo rward  a second time, maximizing H I  with the newly computed 
values   of  1. The  process   o f   forward   in tegra t ion  of t h e  s t a t e  e q u a t i o n  
and backward i n t e g r a t i o n  of t h e  a d j o i n t  e q u a t i o n  i s  r e p e a t e d  u n t i l  t h e  
va lues  of  v  converge.  The  same  technique may be  used  fo r  op t imiz ing  
l e t d o w n ,  e x c e p t  t h a t  t h e  s t a t e  e q u a t i o n  i s  in tegra ted  backward ,  the  ad-  
j o i n t  e q u a t i o n  f o r w a r d ,  and -HI i s  maximized r a t h e r  t h a n  HI. 
t I t  i s  d e s i r a b l e  t o  c o n s t r a i n  v 2 ,,/vmax - 2(E-E*) so t h a t  a l t i t u d e  i n  2 
c l imbout  or l e tdown  neve r  exceeds  c ru i se  a l t i t ude .  Th i s  p reven t s  
jumps i n  v i n  t h e  t r a n s i t i o n  t o  and from cruise.  
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I1 THE SENSITIVITY OF VERTICAL CONTROL TO MEASUREMENT  ERRORS 
A .  Introduction 
The topic  of  this  section  is  the  application  of  the  theory  of  Sec. I
of Part Two to the vertical  control  problem  formulated in Sec.  I1  of 
Part Three. It will be assumed  that  all  measurements are made  independ- 
ently  and  that no filtering  takes  plac,e;  therefore,  each  measurement may 
be  characterized by  its  standard  deviation. The sensitivities to  be 
obtained are the  coefficients of  the  first  two  terms  of  the  series  expan- 
sion of  the  cost in  terms of the  standard  deviation, i.e., the  cost pro- 
portional  to the  standard  deviation  and  the  standard  deviation  squared. 
B. Transformation of  Variables 
The optimization is  carried  out in terms  of a  set of variables in- 
cluding  the  states variables, the  control  variables,  and  variable  param- 
eters. To realize the  optimal  control  without  filtering, it is  necessary 
to  have  as  many  measurements  as  optimization  variables.  In  general  the 
measurements  will  not  correspond one for  one  with the  optimization var- 
iables.  Let  x be the  vector  of  measurements, x be  the  vector  of op- 





The expressions  for  the  costs due to  measurements  errors  derived  in 
Sec. I of Part Two may  be summarized  (for  a  scalar  control  u) by 
AJ = ;( d p +  S K fi KT) dt , 
0 
s1 0 0 0  2 0 0 0  
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A 
where AJ is t h e  i n c r e a s e  i n  c o s t ,  P is t h e  c o v a r i a n c e  of t h e  e r r o r  i n  
estimate of t h e  v a l u e s  of t h e  o p t i m i z a t i o n  v a r i a b l e s ,  w h e r e  
gX 
gU 
0 K = - -  , s = 3H0 , S = 5H0 
0 1 U 2 uu 
f o r  a p a r t  of the  nomina l  t r a j ec to ry  on  a c o n s t r a i n t  g i v e n  by g ( x )  < 0 
t h a t  is t i g h t e n e d  by t h r e e  s t a n d a r d  d e v i a t i o n s ,  w h e r e  
gX 
- ?  , S = - H o  
gU 
K = -  0 
1 -  1 
0 2 2 uu 
f o r  a p a r t  of t h e  n o m i n a l  t r a j e c t o r y  on a s u r f a c e  o f  d i s c o n t i n u i t y  i n  Ho 
given  by g ( x )  = 0 ,  t h a t  is n o t  d i s p l a c e d  t o  m i n i m i z e  s e n s i t i v i t y ,  and 
where 
U 
f o r  o t h e r  p a r t s  o f  t h e  n o m i n a l  t r a j e c t o r y .  The d e r i v a t i v e s  of t h e  a d j o i n t  
obey 
T - A  - + f°K + f o  + f°K h T 
X 
0 - Txx 0 ~ x o f f : o  u 0) ( Xo u 0) x 0 





where  x is  that  part of x  corresponding  to  the  state of the  system and 
is related  to  x  by x = T x 
0 
0 xx 0' 
0 




(5 the  vector of standard  deviations  squared.  Then 
and 
A T  KPK = (KT) aM , 2 2  
where  (KT) is the  vector  found  by squaring  the  vector  KT  componentwise. 
Equation  (174) may  be rewritten. 
2 
T 
AJ = J' [ ( s ~ K T ) ~ ~  + s (KT) oMl dt 2 2  
2 
0 
But on a constraint or  surface  of  discontinuity 
and otherwise 
KT = - ( h f O + H O  xOuHo xOu) T =  - ( xM UHO xM') 4 K M . (183) x fo + Ho 
uu uu 
The derivatives of the  adjoint, hxM, obey 
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- X = Txx [\:. fzM + f:KM) + fzM + f:KM) TX 
M M X M 
+ + HiuKM)] + + H" K 
M M xu 0 
The required  sensitivities are just  the  vectors S K and S K The 2 
1 M  2 M' 
remainder  of  this  section  presents  the  algebra  necessary  to  compute 
sl' 2 '  S and K " 
C. General  Relationships  Among  Variables 
1. Measurements 
The  measurements  made on board  the SST for  use  in  making  control 
decisions  are  measurements of fuel  used p ,  the  temperature 8, the pres- 
sure p, and the  dynamic  pressure q .  In  addition it is  necessary  to know 
at  least  two  of  the  three  conditions  at  the  tropopause--@  the  tempera- 
ture, P the pressure, and  h  the  altitude.  It  will  be  assumed  that 
measurements of p and h are  made  available to the  SST.  Note  that 
with  knowledge  of 8, p, p and h the geometric altitude of the 




TROP ' TROP ' 
2 .  Primary Variables 
The  thrust T and  the  fuel  consumption W are modeled  as  functions 
of 8, p, and  the  Mach  number M . The  drag  is  modeled as a  function  of 
the  density p ,  the  velocity v ,  p ,  and M . Some  constraints  depend  upon 
the  altitude  h  in  addition to selected  ones of p ,  8, p, p ,  v ,  and M . 
Similar  comments  apply to  the  surface  of  discontinuous  partials  in  the 







and IJ.. The relationship  between  these  eight primary  variables 
(k ,  8 P, P, v, M n  eTROP ) and  the  measurements (F, 8, p, q ,  pTROp, 
h ) are given in Table VI. 
TROP 
3. Optimization  Variables 
During  climbout and  letdown  the  variables  used in the  optimization 
were  the  control v, the  state  variable E (the  energy),  the  independent 
variable k,  and the  variable  atmospheric  parameters 8 h and 
During  cruise the optimization can be  assumed  to  be  performed 
TROP’ TROP’ 
’TROP 
with  p as the  control  variable,  with  a  requirement  that  v  be  maintained 
less than v (the constant  value  of v (E) that  holds  during  cruise) 
max C 
and with IJ. and 8 as  variable  parameters. The power  setting TI is set to 
1.0 during climbout, to  its  minimum  value  during letdown, and  to  maintain 
T = D during  cruise. It will  be  assumed  that l-r is controlled  perfectly 
in  all  three  phases.  The  relationship  between  the  two  sets  of  optimiza- 
tion  variables (k ,  
primary  variables  is given  in  Table VI. 
E, v, ‘TROP’ PTRoP’ TROP h ) and ( k ,  8, p, v) and the 
4. Partial Derivatives 
The partial  derivatives  of  the  primary  variables with  respect  to 
the  measurements  are  needed  to  determine  the  sensitivity  in  the  three 
phases;  these  partials are given  in  Table VII. During  climbout  and 
letdown, it  is  also  necessary  to know the  partial  of  the  primary  vari- 
ables  with  respect  to  the  control  variable v.  And during cruise, it  is 
necessary  to  know  the  partials of the  primary  variables  with  respect  to 
the  controls v and  p. These  three  sets of partial  derivatives are given 
in  Table  VII;  v is  used  to distinguish  v in cruise  from v in  climbout 
and letdown,  while  p is  to distinguish  p  as  a  control  in  cruise from p 









(P ,  8 ,  P, q ,  PTROP’ h ) TROP 
Function of 
P P P P 
e e e 
P P P 
p/Re P 
V V V 
J$m V M 
n 
h 
TROP TROP 1 2  
E - -  
2 
V 







for p > p 
TROP 

5. Constraints and Discontinuities 
Two constraints  exist  (see  Appendix F): a noise  constraint  defined 
by g (M , h) S 0, where 
1 n  
- h  if M s 1  
n 
gl(Mn,h) = - h  if M n > 1  
1 - M  if h o < h < h  
n S 
and a structural  constraint  defined by g (e,v), where 
2 
g2(e,v) = e - e - y - 1  2 V 
max  2YR 
Two surfaces  of  discontinuity  in  derivatives of H exist  defined by 
g (h) = 0 and g ( e )  = 0 ,  where 
3 4 
Partial  derivatives of g 1, g2, g3, and g with  respect to  the  pri- 4 
mary  variables  are  given  in  Table VI11 (note  that  these g 1l g2’ and g 
are  not  the  same g and g used  in  the  engine  model).  Total  deriva- 
tives of g 1, g2, g3, and g with  respect  to  the  measurements  and  controls 
can be  determined  from  Tables VI1 and VI11 through  use of  the chain  rule; 
results  are  presented  in  Table IX. 
3 




PARTIAL DERIVATIVES OF g l ,  g2 ,  g3 ,  AND g4 WITH  RESPECT To PRIMARY VARIABLES 
/ae /ah / a M  /av n 
1 i f  m = 1 , h   C h c h ,   l i f h  = h  M d l o r h  =hs,M > 1  
n 0 0’ n n 
0 0 
0 otherwise 0 otherwise 
-1  0 0 ” Y - 1 ,
YR 
Table I X  
PARTIAL  DERIVATIVES OF g l ,  g2, g 3 ,  AND g4 
aPl a M n  a g l   a h  
-"  
g~ aM ap a h  ap + - -  
P n 
a g l   a h  




= o  
g2 




g 3  a = o  
-  - I g4PTR0p 'TROP 'TROP 
g2 
= o  
hTROP 
g 3  





= o  
TROP 
D. Climbout and Letdown 
1. The State and Hamiltonian 
For  climbout and letdown  the state is E and  the  Hamiltonian  1s 
given by 
2. .~ Partial ~ ~ _ _ _  DerLva-tives - with ~ ~~ Respect  to  Primary  Variables 
The partial  derivatives  of  H  with  respect  to  the  primary  variables 
(~,e,p,P,v,Mn,h,eTRop) are 
" aH (T-D)-%]- 1 v cos y - a -  awf 





1 a D  
aH a D  1 
aM 
" - 
Wf a M  2 
n  n n W f 
n 
dH -
a h  
= o  
trH 1 ab 
"
~~ - + - -  
aeTROP b2, aeTROP 
The p a r t i a l  d e r i v a t i v e s  of t h e  s t a t e  E w i t h  r e s p e c t  t o  t h e  p r i m a r y  
v a r i a b l e s  are 
aE 
ah 
- = g  
and 
w i t h  a l l  o t h e r  p a r t i a l s  equal t o  z e r o .  
3 .  P a r t i a l   D e r i v a t i v e s   w i t h  R e S D e C t  t o  Measurements 
and Controls  
The p a r t i a l  d e r i v a t i v e s  w i t h  r e s p e c t  t o  t h e  m e a s u r e m e n t s  may be 
obta ined  by u s e  of c h a i n  r u l e .  They a r e  
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aM ae aH a~ a p  aH av aH n aH TROP H = -  +"+" +-" 
n P ap a p  ap av ap aM ap aP (202 1 
Hh 
= o ,  
TROP 
The partial  derivative  of  H  with  respect  to  the  control v may also 
be  found  by use of the chain rule and  is given by 
aH a@ aH ap aH ap aH  aH  n aM H = -- +" + - - + - + - -  
V ae av ap av ap av av aM av . (206) n 
Finally  the partial  derivatives of E  with  respect  to  the  measure- 
ments can be  computed  in  the same way 




aE ah - - -   
P~~~~ ah ahmop 
4. Second Derivatives 
Derivatives  with  respect o E and h  of  the above derivatives of H 
are  needed.  They  may  be  determined  numerically by 
HZ(v + Av) - HZ(") 
H =  
zv  Av 
H (E + AE) - H (E) 
H =  
Z Z 
zE AE I 
where z may be  any  of  the  measurement  variables  or  v. Care must  be  taken 




1. The Hamiltonian 
There is no state variable in the  cruise  optimization since it  is 
an algebraic  optimization.  However,  equivalent  formulas may  be  used if 
H is  defined  by 
Minimization  of 2 given by  Eq. (150) is  equivalent  to  maximization of 
H if 
a A = -  
(7 + a ) h o  - CL) 
1 w v  
f 
2. Partial  Derivatives  with  Respect o  Primary  Variables 
The partial  derivatives  of  H  with  respect  to  the  primary  variables 
(p,B,p,p,v,Mn,h) are  given by Eqs. (190) to (196) with  cos y = 1 and  the 
terms  involving b deleted. 
3. Partial  Derivatives  with  Respect o  Measurements 
and Controls 
Equations (200) to (209) hold with  the terms  involving 8 deleted. TROP 
Controls are v and p (v is always on a constraint);  the  partial  deriva- 
tives  with  respect  to  these  variables  are 
C  C 
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C n c  
4. Partial  Derivative of b 
The partial derivatives of b with respect to p and 8 needed by 
TROP 





These two quantities are computed at cruise  conditions. 
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PART  FIVE--PROGW!  DESCRIPI'ION 
16 1 

I THE OPTIhIIZATION PROGRAhr 
A .  General  Comments 
T h i s  s e c t i o n  i s  b r o k e n  i n t o  two p a r t s :  a d e s c r i p t i o n  of each  sub- 
r o u t i n e  g i v i n g  i n p u t s ,  o u t p u t s ,  and r e l e v a n t  e q u a t i o n s ;  and t h e  r e s u l t s  
o f  r u n n i n g  t h e  p r o g r a m  f o r  s e l e c t e d  c a s e s .  I n  t h e  d e s c r i p t i o n  t h e  c o r -  
respondence between program variables and t h e  v a r i a b l e s  u s e d  i n  t h e  r e -  
mainder   of   the   report  is g iven .  For example, i n  FUNCTION ALT ( E , V )  t h e  
i n p u t s  a r e  E and v ,  which t a k e  t h e  form E and V i n  the program. 
I n  g e n e r a l  t h e  n o t a t i o n  a g r e e s  w i t h  t h e  r e s t  o f  t h e  r e p o r t  w i t h  
t h e s e   t h r e e   e x c e p t i o n s :  s i s  u s e d   f o r  \\I b is used   for   -by  and t h e  f o l -  
l owing   no ta t ion  i s  u s e d   f o r   d e r i v a t i v e s .   C o n s i d e r   t h e   t h r u s t  T .  Thrus t  
i s  a f u n c t i o n  d i r e c t l y  of   p ressure   p ,   t empera ture  8, Mach number hl and 
power s e t t i n g  TT. But u l t i m a t e l y   p ,  8, and hI a r e   f u n c t i o n s  of t h e   v e l o c -  
i t y  v  and energy E ;  h e n c e  t h r u s t  may be considered a f u n c t i o n  of v and E. 
D e r i v a t i v e s  of T w i t h  r e s p e c t  t o  p ,  8, and hl a re  deno ted  wi th  the  o rd i -  
n a r y  p a r t i a l  symbol ,  whereas  de r iva t ives  wi th  r e spec t  t o  E and  v a r e  r e p -  




r e s e n t e d  w i t h  t h e  t o t a l  d e r i v a t i v e  symbol. 
f u e l  f l o w  s (W ) and d rag  D .  I n  p a r t i c u l a r  
of v on D d i r e c t l y ,  w h e r e a s  dD/dv r e f e r s  t o  
and i n d i r e c t l y  t h r o u g h  c h a n g e s  i n  p and hI . 
f 
n 
S i m i l a r  comments a p p l y  t o  
&)/&I r e f e r s  t o  t h e  e f f e c t  
t h e  e f f e c t  of v on D d i r e c t l y  
Note t h a t  t h e  d r a g  d e p e n d s  u p o n  t h r u s t .  S i n c e  t h e  d e r i v a t i v e s  of 
T-D a r e  r e q u i r e d  r a t h e r  t h a n  t h e  p a r t i a l s  o f  T and D s e p a r a t e l y ,  it i s  
c o n v e n i e n t  t o  p l a c e  t h o s e  d e r i v a t i v e s  of D t h a t  r e s u l t  from D's depend- 
ence  on T i n  t h e  e q u a t i o n s  f o r  t h e  d e r i v a t i v e s  of T. T h i s  f a c t  e x p l a i n s  
t h e  p r e s e n c e  of t h e  FAC2 t e r m s  i n  SUBROWINE  PARST. 
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1. Execut ive   Rout ine  
Name:  SST 
Inpu t :  Below is l i s t e d   t h e  common l ist  (Table  X ) .  The 
fo l lowing  key  app l i e s :  
* means t h e  q u a n t i t y  is r e a d   a s   a n   i n p u t .  
* means t h e   q u a n t i t y  is se t  i n  SST. 
8 means t h e   q u a n t i t y  is computed i n  SST. 
N means t h e   q u a n t i t y  is not   used.  
Formula(s ) :   Given   in  common l ist .  
Remarks:  This is the  execut ive  program  which  reads  input-s ,  
computes  cons tan ts ,  and  ca l l s  JOVERMU and BAKN4TH. 








go = 9.80665 
b = k  
1 LPS 
b 2 = -202.0 
b = 273.0 
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b = 11 
4 TROP 
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-0.0342 

















2 1  
22 


























c 7  
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c 1 0  
c11 
c 12 
C 1 3  
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C 1 5  
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PE( 10)  
CE( 10) 
PH( 10) 
CH( 10)  





b =  
17 b15 + b3 




b19 = 2 
1 + 0.5 b  b
16 18 




2 .o(  emax - b ) 
15 
Y - 1  
used by CHKCONV, JOVERMU, 
JANDE 
used by CHKCONV, JOVERhlU,  
JANDE 
used by CHKCONV, JOVERbIU, 
JANDE 
used by CHKCONV, JOVERMU, 
JANDE 
used  by CHKCONV, JOVERMU, 
JANDE 
used  by CHKCONV, JOVERMU, 
JANDE 
used  by CHKCONV, JOVERMU 
JANDE 
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used by CHCONV, JOVERMU, 
JANDE 
(minimum d i f f e r e n c e  
a l lowed be tween pre-  
d i c t o r  and c o r r e c t o r )  
( maximum d i f f e r e n c e  
a l lowed be tween pre-  
d i c t o r  and c o r r e c t o r )  
( r e l a t i v e   e r r o r  cr i -  
t e r i o n  f o r  c o n v e r g e n c e )  
( o u t p u t   u n i t ,  set = 6 )  
( i n i t i a l  i n t e r v a l  f o r  
c ru ise)  
( i n i t i a l  i n t e r v a l  f o r  
le tdown) 
( i n i t i a l  i n t e r v a l  f o r  
c l i m b o u t )  
Po = 0 
Wf 
= h g + - v  
1 2  
0 2 0  
( u s e d  i n  HSTAR) 
( i n i t i a l  g u e s s  f o r  v i n  
VSTAR) 
( r e l a t i v e  error c r i t e r i o n  
f o r  c o n v e r g e n c e  VSTAR) 
(These i n p u t s  
not   used 
i n  p r e s e n t  
program) 





























= 0.5 v 
2 
max 
w = v  
1 max 
w - 
2 - b15 
max w = -  
4 
3 \v 
w = W( set by HSTAR) 
5 
W 
7 = An 
W8 = Ah 
= R} s e t   i n  RP123 = (V@ -1 
= PR set i n  HSTAR 
( r e l a t i v e  error c r i t e r i o n  
fo r  conve rgence  HSTAR) 
y ( thermodynamic)  
( s e t  by TANDS f o r  u s e  i n  
PARST) 
k = -  
4 . 0  
gl 1 0 1 3 . 3  
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TAU( 2 )  
C17 
C 18 
c 1 9  
i 
i = 1. . .25  




: k  3. 
: k  a 
3 
;lT = 1 
: ' s  
2 
: v - a  
max 
L i e  ( s e t  i n  VSELECT) 
I ( s e t  by CHKSTAR) 
set by  CHKSTAR) 
used by CHKSTAR) 
used by BAKN4TH t o  
ie terminc.   convergence)  
3 
m a x  
n 
2br6 
3 =  
2 1  
y - 1 - b  b 
2 
16 18 
[used by BAKN4TH t o  
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0.5 b  b
18 19 
0.5 b b 
2 1  18 
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2. D i f f e r e n t i a l   E q u a t i o n   R o u t i n e s  
Name : SUBROUTINE JOVERMU (ZMU,ZPT,ZEE,ZJJ,MXPT,KPTS,LPRNT) 
Input  : MXPT,LPRNT: MXPT i s  t h e   d i m e n s i o n   o f   t h e   a c t u a l   r r a y s  
( d e f i n e d  i n  t h e  main program) which are represented by 
t h e  f o r m a l  a r r a y  p a r a m e t e r s  ZMU,ZPI,ZEE,ZJJ. 
ou tpu t  : The v a l u e s  of k ( 0  5 k WF) a r e   s t o r e d  i n  a r r a y  ZMU; 
corresponding values  of  Tr, E ,  and J a r e  s t o r e d  i n  ZPI, 
ZEE, and Z J J ,  r e s p e c t i v e l y ,  The t o t a l  number  of p o i n t s  
t h u s  s t o r e d  i n  each  o f  t hese  a r r ays  i s  KPTS. 
Remarks : 
Usage : 
N a m e  : 
Input  : 
T h i s  s u b r o u t i n e  i n t e g r a t e s  t h e  J e q u a t i o n  o v e r  t h e  e n t i r e  
1 i n t e r v a l ,   f r o m  p=O t o  p,=p~. Values   a t  p~ are  found  by 
i n t e r p o l a t i o n .  C a l l s  SUBROUTINE DJDMU t o  o b t a i n  d J / d h .  
I n t e g r a t i o n  i s  by means of Cl ippinger-Dimsdale  formulas .  
T e s t  f o r  c o n v e r g e n c e  a t  e a c h  i n t e g r a t i o n  s t e p  i s  made by 
SUBROUTINE CHKCONV. 
C a l l e d  by MAIN  PROGRAM SST 
SUBROUTINE BAKN4TH (MXPT, ZMU, ZEE, ZPI, ZJJ,MXPO,YMU,YBB, 
YCC,YLAM, KPTS, LPRNT) 
e : EPSRJ ( i n  COMMON) 
R J  
T : TAU( I) ( i n  COMMON) 
1 
Formula( s)  : R J  = (ENDJX - ENDJ) /TAU( 1) 
Remarks : The e n t i r e   i n t e g r a t i o n  scheme (descr ibed   be low)  i s  
e x e c u t e d  f o r  J=l ( letdown) f i r s t ,  and then with J=2 
( c l i m b o u t ) .  A t  v a r i o u s   p l a c e s   i n   t h i s   s u b r o u t i n e  (see 
f l o w  c h a r t ,  F i g .  30) a q u a n t i t y  K i s  set e i t h e r  t o  
1, 2 ,  o r  3. These   quan t i t i e s  J and K a r e  tested by 
FUNCTION  VSELECT i n  o r d e r  t o  d e t e r m i n e  how v i s  to  be  
computed.  (See  write-up  of FUNCTION VSELECT.) 
Usage : This  is  t h e  p r i n c i p a l  e x e c u t i v e  s u b r o u t i n e ,  c a l l e d  by 
M A I N  PROGRAM SST,  which causes  the integrat ions of t h e  
s e v e r a l  s y s t e m s  of d i f f e r e n t i a l  e q u a t i o n s  t o  be performed. 




LAMBDA (J . . . I  
SUBROUTINE 
SUBROUTINE 




J(P,) = JC) IRJl < eRJ? XJS(JI = J (pi) 
CALL 
LAMBDA(J ...) 
FIGURE 30 FLOW CHART FOR SUBROUTINE  BAKN4TH 
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e q u a t i o n s ,  r e s p e c t i v e l y )  are i n t e g r a t e d  b y  c a l l i n g  SUB- 
ROUTINE JANDE, and t h e  h - e q u a t i o n  ( a d  j o i n t )  is i n t e g r a t e d  
v i a  SUBROUTINE LAMBDA. Each time ( e x c e p t  t h e  v e r y  f i r s t  
time) t h a t  t h e  J and E system i s  i n t e g r a t e d ,  a test i s  
made t o  d e t e r m i n e  w h e t h e r .  l R J l  < ERJ. When t h i s  t es t  i s  
passed , t he   cu r ren t   phase - - i . e .  , e i t h e r   " l e t d o w n "   o r  . 
"c l imbou t " - - i s   f i n i shed .   (The   fo rmula   fo r  R J  is g iven  
above ; E i s  an   i npu t .  ) 
R J  
Name : SUBROUTINE JANDE (J,K,MXPT,KPTS,ZMU,ZEE,ZPI,ZJJ,LPRNT, 
YLAM,MXPO,JPTS,YMU,YAA,YBB,YCC,ENDMU,ENDJ) 
Formula( s )  : T h i s   s u b r o u t i n e   e x e c u t e s   t h e   i n t e g r a t i o n  of t h e  J and 
E e q u a t i o n s   ( p e r f o r m a n c e   a n d   s t a t e   e q u a t i o n s ,   r e s p e c t i v e l y )  
o v e r  t h e  i n t e r v a l  p2 5 p kf = fo r   " l e tdown ,  " where p2 
i s  determined by SUBROUTINE CHKSTAR--integration h e r e  i s  
backwards,   with Ap nega t ive .  For "c l imbou t "   t he   i n t eg ra -  
t i o n  i s  o v e r   t h e   i n t e r v a l  po 5 5 p l ,  where po = 0 and 
F1is determined by CHKSTAR and Ap i s  p o s i t i v e  h e r e  f o r  
f o r w a r d  i n t e g r a t i o n .  
Remarks : C a l l s  FVNCTION  CRUISE t o  set BT and ESTAR i n  COMMON. 
C a l l s  FUNCTION  VSELECT ( L , J , K  ...) which uses K t o  d e t e r -  
mine  manner  of  computing v .  C a l l s  SUBROUTINE DEDJ t o  o b t a i n  
dE/@ and   d J /@.   In t eg ra t ion  is by means of   Cl ippingcr -  
Dimsdale  method.  Calls SUBROUTINE  CHKSTAR t o  tes t  f o r  
' ' c u t o f f ' '  o f  i n t e g r a t i o n  i n  each phase ( i . e .  , J = 1 , 2 ) .  
Usage : 
Name : 
Input  : 
output  : 
Called by SUBROUTINE  BAKN4TH with J = l  and 2 ( i . e . ,  " le t -  
down" and  "climbout")  and  with K = 1, 2 or 3. 
SUBROUTINE LAEJIBDA ( J,MXPO,YMU,YAA,YBB,YCC, JPTS,YLAM, LPRNT) 
J , ~ ~ , A ~ , B ~ , c ~  ( i  = ~,...,JFTs): J,YMU( ) ,  YAA( ) ,  YBB( ) ,  
YCC( ) .  Also  LPRNT--printing  frequency; i . e . ,  eve ry  
LPRNTth i n t e g r a t i o n  s t e p  h a s  resul ts  p r i n t e d .  
A i ( i  = 1 , ... ,JFTS) : YLAM( ) 
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Formula( s )  : - = h(B - Ch) - A 
d l  
Usage: 
Name : 
Input  : 
ou tpu t  : 
Called  by SUBROUTINE  BAKN4TH. Employs Clippinger-Dimsdale 
i n t e g r a t i o n  scheme t o  s o l v e  dh/dp  equat ion.   Values   of  
pi, A i ,  Bi,  Ci a r e  f u r n i s h e d  b y  p r e v i o u s  i n t e g r a t i o n  of 
J and E equa t ions .  Hence t h e  i n t e r v a l  ap i s  p r e d e t e r -  
mined  and t h e r e  i s  no  convergence-checking ,  nor  ha lv ing  
or doubl ing  of t h e  i n t e r v a l .  The va lues   o f  h correspond-  
i n g  t o  t h e   v a l u e s   a r e   s t o r e d   i n   o r d e r   i n   t h e   a r r a y  
Y L A M ( 1 ) .  I = 1, ... JFTS. 
SUBROUTINE CHKCONV ( N ,  DELTA, DMIN, DMAX, c o w )  
N = t h e  number  of d i f f e r e n t i a l  e q u a t i o n s  i n  t h e  s y s t e m ;  
DELTA = t h e  s i z e  o f  t h e  i n t e r v a l  a t  e n t r y  time; D M I N  = 
t h e  minimum d i f f e rence  a l lowed  be tween  p red ic to r  and 
c o r r e c t o r ;  DMAX = t h e  maximum difference al lowed between 
p r e d i c t o r  and c o r r e c t o r ;  COW = r e l a t i v e  e r r o r  t o l e r a n c e  
IDOUBL = t o g g l e  set t o  1 when i n t e r v a l  i s  doubled;  
o the rwise ,  set t o  0. ( p r e s e t  by c a l l i n g   r o u t i n e )  
Found i n  IHALVE = t o g g l e   s e t   o  1 when i n t e r v a l  i s  ha lved ;   o the r -  
COMMON: wise set t o  0. ( p r e s e t  by c a l l i n g   r o u t i n e )  
Formula( s )  : 
Remarks: 
IXFR = t r a n s f e r  s w i t c h  set by CHKCONV t o  1,2,or 3 .  
(See  REMARKS below) 
(CEi - PEi 
RE i = /  
, i = 1, ..., N and PE, CE d e f i n e d  
7 
i 
below.'k I f ,  f o r  a l l  i ,  R E i  5 C O W ,  then  convergence i s  
a c c e p t e d   a t   t h e   p r e s e n t   p o i n t .  mi = r e l a t i v e  e r r o r .  
( F i g u r e  31 i s  t h e  f l o w  c h a r t  f o r  t h i s  s u b r o u t i n e .  ) The 
f o l l o w i n g  a r e  f o u n d  i n  COMMON: 
IDOUBL, IHALVE (de f ined  above )  ; IXFR, defined above , 
which  becomes the  index  o f  a "computed go to"  s t a t emen t  
i n  t h e  c a l l i n g  r o u t i n e ,  i m m e d i a t e l y  upon r e e n t r y  t h e r e t o ;  
;k 
T i = 1, 2 i n  COMMON a s  TAU( 1) ,  TAU( 2 ) .  
i '  
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SET  INCREMENT: IS 




IXFR = 3 CE(I1 - PEII) 
RE = I TAUII) 
COMPUTE 
RE = (CE(I)  TAU(I1 - PElII( I Q W I 
RE < DMAX! I 
1 




IDOUBL = 0 
A = 2A 
t 
[Gk- RE < CONV! 
FOR  K = l...N. SET 
PWK) = CH(KI 
PE(K1 = CE(K) 
IXFR = 2 




IHALVE t- O! 
IS 
I > I? 
I 
I Q  
W ' S  , ) RE 2 DMIN? 
J =  1 
I 
SET 
I = J  
$ 
INCREMENT 
J = J + l  
+ 
I* 
COMPUTE e NO Is J > N! c 
I 
FLOW CHART FOR SUBROUTINE CHKCONV, N, DELTA, DMIN, DMAX, CONV 
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U s  age : 
PE( ) c o n t a i n s  p r e d i c t e d  v a l u e s  a t  e n d p o i n t  
CE( ) c o n t a i n s   c o r r e c t e d   v a l u e s   a t   e n d p o i n t  
PH( ) c o n t a i n s   p r e d i c t e d   v a l u e s   a t   m i d p o i n t  
CH( ) c o n t a i n s  c o r r e c t e d  v a l u e s  a t  m i d p o i n t  
DP( ) c o n t a i n s   d e r i v a t i v e s   a t   t h e   e n d p o i n t ,  
DC( ) c o n t a i n s  d e r i v a t i v e s  a t  t h e  e n d p o i n t ,  
of t h e  i n t e r v a l .  
o f  t h e  i n t e r v a l .  
These  a r r ays  
a r e  a l l  p r e -  
f i l l e d  b y  t h e  
c a l l i n g  s u b -  
r o u t i n e  . 
of t h e  i n t e r v a l .  
o f  t h e  i n t e r v a l .  
u s i n g  p r e d i c t o r s .  
u s i n g  c o r r e c t o r s .  
PE, CE, PH, CH, DP, DC a l l  dimensioned 10. 
T h i s  i s  a convergence-checking (CHKCONV) sub rou t ine ,   u sed  
i n  c o n j u n c t i o n  w i t h  a n d  c a l l e d  by JANDE and JOVERMU, which 
s o l v e  s y s t e m s  o f  d i f f e r e n t i a l  e q u a t i o n s  by t h e  method 
of Cl ippinger -Dimsdale .   This   subrout ine  (CHKCONV) i s  used 
o n l y  when t h e  i n t e r v a l  ( c a l l e d  h or A ) ,  i . e . ,  DELTA, i s  
p e r m i t t e d  t o  b e  a l t e r e d  b y  h a l v i n g  or doubling.  
3. Opt imiza t ion   Rout ines  
Name : SUBROUTINE HSTAR (EMU,H,PI) 
Input : p:  EMU 
COMMON v 8, M ~ , v ~  : ~ ( 1 )  , ~ ( 2 )  , ~ ( 3 )  , ~ ( 4 )  max' 
ou tpu t  : h ,  TI : H ,  P I  
COMMON IJ. : w( 5) 
Formula ( s ) :  R1 ( h ,  TI, v) = D - T 
* as aD aP 
R2 ( h ,  TI, V) = - + - v" -  
aP aP aP aP 
* as 
an an R3 ( h ,  TI, V) = - + - v 
Remarks : HSTAR s o l v e s  t h e  sys tem R 1  = R2 = R3 = 0 f o r  h ,  n, and V 
using  Newton's  method. The f o l l o w i n g   s u b r o u t i n e s   a r e  





o u t p u t  : 
SETHPN, which  computes  an i n i t i a l  g u e s s  o f   h ,  T, and v 
t h e   f i r s t  time HSTAR i s  c a l l e d .  
RP123, which  computes R R R and t h e   J a c o b i a n   m a t r i x  
1' 2 '  3 
f o r  the  sys t em.  
HSTAR i s  c a l l e d  b y  DJDMU 
SUBROUT I NE RP 12 3 
( a l l  i n  COMMON) 
~ ( 1 )  = V ,  W ( Z )  = e ,  w ( 3 )  = M w(4) = v , w( 5) = TT n '  S 
W(7) = An, W(8) = Ah, H P I N U ( 1 )  = h ,  HPINU(2) = 'IT, HPINU(3) = u, 














R i s  s t o r e d  i n  
R ( 1 ) ,  R ( 2 ) ,   R ( 3 ) ;  
OR i s  s t o r e d  i n  
RP(  3 ,3) .  R(  3) and 
RP( 3,3) a r e  i n  
COMMON. 
Remarks : T h i s   s u b r o u t i n e   u s e s   t h e   f o l l o w i n g   s u b p r o g r a m s :  
( 1) FUNCTION DRAG t o  o b t a i n  D 
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(2) FUNCTION PRHOP t o  o b t a i n  ap/dp 
( 3) FUNCTION  DPH t o  o b t a i n  dp/dh 
( 4 )  SUBROUTINE  PARD( J ,  . . . ) ,  with  J=O, t o  o b t a i n  h / a p  
(5) SUBROUTINE  TANDS t o  o b t a i n  T and s 
( 6 )  SUBROUTINE  PARST ( J ,  . . . ) , with  J=1, t o  o b t a i n  
Usage: T h i s   s u b r o u t i n e  i s  ca l l ed   by  SUBROUTINE  HSTAR ( E M U , H , P I )  
i n  o r d e r  t o  o b t a i n  t h e  f u n c t i o n  v e c t o r  R (see HSTAR f o r  
e q u a t i o n s )  and i t s  Jacob ian  ma t r ix  VR f o r  the  Newton- 
Raphson i t e r a t i v e  s o l u t i o n  f o r  h ,  Il, and V. 
Name : SUBROUTINE  SE HPN 
Input : ( a l l  i n  COMMON) : w( I) = v ,  W( 2 )  = 8, w( 3) = M, w( 5) = b. 
G=g,  B 3  , B 5  , B 1 1 ,   B 1 2 ,   B 1 3 ,  EMO=mo, G2G3K=kg2g3, 
G I A I K = k g l .  a l ,  G l A 2 K = k g l .  a2, G l A S K = k g l .  a3, GIMNT= g l T  and 
c o e f f i c i e n t s  a i  i n  AG( ) and HALFS = S/2.  
h, Il, v : HPINU( l), H P I N U ( 2 ) ,   H P I N U ( 3 )  
Formula( s )  : 
-10 
1 .57  194 0.348 
4 
P p(  e + 273) h = [.. - - 1.8841 , where p = 
and p = s 2  
2 D n  
- v  
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= - " p )  2 + \ [ p l +  D 
2 q l  
Y 
( M:)"i g,( Mn)  
where 
= i5w2 + a b + a   , i f   b s k g g  8 11 2 3  q2 14 17 8T + a , i f  @T < kg g 2 3  
, i f  & 2 kg g 
2 3  
q3 
13 
, i f  & < kg g 
2 3  
Usage:   Cal led   on ly  once during  any  given  program  run  by SUBROUTINE 
HSTAR i n  o r d e r  t o  y i e l d  i n i t i a l  g u e s s e s  f o r  h ,  n, and v 
t o  s ta r t  o f f  t h e  Newton-Raphson s o l u t i o n  o f  ( R  1' R2' R 3 ) .  
T h e s e  i n i t i a l  guesses a r e :  
(1) h s u c h   t h a t   b / a p  = 0 ;  
( 2 )  IT such t h a t  T = D ;  
(3 )  v = 0. 
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FUNCTION VSTAR ( J , E  ,EMU,PI ,VIN,EPS) Name : 
Input : 
output  : 
Formula( s)  : 
E ,  p, n , v  , E : E,EMU, PI,VIN,EFS 
i n  
Ei', b : G ,  B 1 ,  B3, VOIDS( I ) ,  B14, B15,  B16, A ,  G2G3K, 
SLAMB, GAMDRAG, ESTAR, -BT 
QQ = f  ~ ( T - D )  + Ai'(v cos y - a )  
s + b ( v  c o s  y - a) 
dT dD b cos  y + 2 ) *[ + A  cos  y - ( v  cos y - 
s + b ( v  cos y -  a). ~ .. ")s + b( v cos  y - a )  
Q =  & - -  - ~"~ s + b(v  cos  y - a )  
+ used  for  c l imbout ,  - used  for  le tdown 
dQ 
d v  0 .  OOlv sgn(  Q )  
- z Q[v + 0 . 0 0 1 ~  s g n ( Q ) ]  - Q ( v )  
Remarks : 
U s  age : 
T h i s  r o u t i n e  f i n d s  t h e  v t h a t  maximizes QQ f o r  f i x e d  
E and p a s  f o l l o w s :  Q,  t h e  d e r i v a t i v e  of QQ wi th   r e spec t  
t o  v ,  i s  con t inuous  excep t  fo r  v such  tha t  8 + 273 = kg2g3 
and v s u c h  t h a t  h = b l  ( i . e . ,  h = hTROp). The r o u t i n e  
f i r s t  computes QQ f o r  t h e s e  two values of v and f o r  v i n l  
t he   p rev ious   va lue   o f  v and sets v ( V T )  e q u a l  t o  t h e  
one f o r  ~ i c h  QQ i s  g r e a t e s t .  Next t h e   r o u t i n e   c h e c k s  
t o  see whether v i s  the maximizing v by computing 
? + 0 . O O l Y  and 7 - 0 . 0 0 1 ~ .  If 7 is not  the maximizing v 
t h e n  v i s  found by s o l u t i o n  of Q = 0 by Newton's method, 
where  d8/dv is approximated  as  above  and  the maximum s t e p  
i n  v i s  l i m i t e d  t o  0 . 1  v .  
i t  
Performed by VSELECT 
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4 .  Atmosphere 
Name : 
Input  : 
ou tpu t  : 
Formula( s )  : 
Remarks : 
U s  age : 
N a m e  : 
Input  : 
ou tpu t  : 
Formula( s)  : 
SUBROUTINE  PTRVSM (H,V,P,THETA,RHO,VS,EMN) 
h , v :  H , V  
(SlOIl - 
P, THETA, RHO, VS , EMN 
B 6 ( h  - B 4 )  IB9 i f  h I B4 
( 8 1 2  + h B 5 )  if h > B4 
- B 1  + B 1 4  
M =  
V - 
n V S  
if h B4 
if h > B4 
The fo l lowing   cons t an t s   a r e   found  i n  COMMON: B 1 ,  B 3 ,   B 4 ,  
B 5 ,  B 6 ,   B 9 ,   B 1 0 ,   B 1 1 ,   B 1 2 ,   B 1 3 ,   B 1 4 ,   B 1 5 ,   B 1 6 .  
Ca l l ed   f r equen t ly   t h roughou t   p rog ram.   Ca l l s  made bY 
D JDMU , STANDD . 
FUNCTION DTHH( H )  
h :  H 
d e  
dh 
- 
i f  h 5 B4 
dh 
0 i f  h > B4 
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Remarks : B1 and B4 a re   found  in COMMON 
Usage:  Referenced by DDV, DDE, DSTE, DSTV 
Name : FUNCTION  DPH ( H ,  P)  
Input  : h ,p :   H ,P  
o u t p u t  : 
Formula( s )  : 
Remarks: 
U s  age : 
Name : 
Input : 
out   put  :
Formula( s )  
Usage : 
Name : 
Input  : 




The f o l l o w i n g  c o n s t  a n t s  a r e  f o u n d  i n  COMMON: B4,  B5, 
B6, B 7 ,  B8. 
Frequent   use  throughout   program.  Referenced b y  DDV, DDE, 
DSTE,  DSTV, RP123. 
FUNCTION PRHOP ( RHO, P) 




Referenced b y  DDV, DDE, and RP123 
FUNCTION  PRHOTH 
P ,  e:  RHO,THETA 
aP 
ae - " 8 + B 3  "
P 
( RHO, THETA) 
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Remarks : B3 found i n  COMMON 
U s  age : Referenced  by DDV and DDE 
Name : SUBROUTINE PMNVTH (V,VS,PMNV,PMNTH) 
Input  : v , v  : v,vs  
S 
out   put  :
aM ah1 
- n  n - 
ae : PMNV,  PMNTH 
& 





"ae - - * V  
V 
S 
Remarks : B2 found i n  COMMON 
Usage : Called  by DDV, DDE, DSTE, DSTV 
Name : SUBROUTINE GAMMA( GA") 
Input : Uses t h e   c o n s t a n t  GAM i n  COMMON 
output  : y : G A "  
Formula( s )  : y i s  set e q u a l   t o   t h e   i n p u t   c o n s t a n t  GAM 
GAMM = GAM 
Remarks : Although a t  p r e s e n t  ( i . e . ,  as  of October  1969) y i s  
simply set e q u a l  t o  a n  i n p u t  c o n s t a n t ,  t h i s  i s  done by 
means  of  a s u b r o u t i n e  i n  o r d e r  t h a t  a  more complicated 
expres s ion  may, i f  d e s i r e d ,  b y  s u b s t i t u t e d  a t  a l a t e r  
d a t e .  




Input  : 
ou tpu t  : 




Input  : 
ou tpu t  : 
Formula( s )  : 
SUBROUTINE DRAG (lUiO,V,EMN,EMU,T,D) 
P , v , M ~ ,  k,T : RHO,V,EMN,EMU 
COMMON T, cos y, : T,  GRAMDRAG, HALFS 
D(p,v,Mn,p,T) 
2 
COMMON 3 , L, r, w ,T : XI,CAPL,CAPGAM,W~,TT 
1 
L = w /(1 + z )  
1 0 
~ = r f O ( ~ ) + - - f  ( M I  
~n T D ~  
LA L 
T h i s  s u b r o u t i n e  must  be  preceded  by TANDS; g and mo a r e  
found i n  COMMON a s  G and EKO. f i (Mn),   fk(Mn),   and 
f L ( M n )  a r e  o b t a i n e d  b y  c a l l i n g  b 0 L  and FMN wi th  J = 0. 
Cal led  by  RP12.3 and STANDD 
SUBROUTINE PARD ( J , RHO, v , EMN, EMU, PDRHO , PDV , PDMN) 
J ,  p,v,Mn, p:  J ,RHO,V,EMN,EMU 
COMMON L ,S ,T :  CAPL,XI,CAPGAM 
I f  J = 0 t h e n  - o n l y ;  PDRHO aD 
2P 
a 
a V  
I f  J f 0 t h e n  i n  a d d i t i o n  - and - aM ; PDV, PDMN n 





n n n 
d f L  1 
18 1 
I. 
Remarks : This subroutine must be  preceded  by TANDS and DRAG. 
L df L 
df L 
FDOL is c a l l e d  for f o  and - i f  needed. 
n 
D ' fD  dM 
FMN is  c a l l e d  for f and - i f  needed. 
n L dM 
Usage:  Called w i t h  J d 0 by DDV and DDE and w i t h  J = 0 by RP123 
Name : FUNCTION PARDMU ( EMN,EMDMMU,T,D) 
Input  : mo - p,, Mn : EMO"U,EMN 
COMMON s , L , I - , w l  : XI,CAPL,CAPGAM,Wl 
ou tpu t  : - aD : PARDMU 
aF 
Formula( s )  : 2 
aD L g ( m o  - P) 
" 
acl D w r(1 + z )  - -2L f 1 
Remarks : Must be  preceded  by TANDS and DRAG. Uses FDOL w i t h  
j = 0 t o  compute f, L . 
Usage : C a l l e d  by ABANDC 
Name : FUNCTION DDV (H,V,P,RHO,THETA,VS,EMN,EMU) 
Input  : h , v , p , P , @ , v  ,M , p  : H,V,P,RHO,THETA,VS,EMN,EMU 
s n  







Input  : 
output  : 




Input  : 
ou tpu t  : 
a a  a 









o b t a i n  - ; uses SUBROUTINE  PMNVTH t o  o b t a i n  - n  n and - ae 9 
uses FUNCTION  PRHOP t o  o b t a i n  ap ; uses FUNCTION DPH t o  
aP  
o b t a i n  - ; uses FUNCTION  PRHOTH t o  o b t a i n  - . dP a p  
dh ae  
Cal led by VSTAR,  ABANDC 
FUNCTION DDE(H,V,P,RHO,THETA,VS,EMN,EMU) 




C( g)  found i n  COMMON. 
?D aD 
aP &dl 
t o  o b t a i n  - and - ; 
a" n 
") dh + 
C a l l s  
c a l l s  
n J 
SUBROUTINE PARD ( 1 , R H O . .  .I 
SUBROUTINE  DMNVTH t o  o b t a i n  
I1 
; r e f e r e n c e s  FUNCTION  DTHH f o r  - ; FUNCTION PRHOP d e  -ae dh 
f o r  ap ; FUNCTION DPH f o r  - ; FUNCTION p m o m  f o r  - 
dP ap 
dh ae 
Referenced by SUBROUTINE ABANDC 
SUBROUTINE FDOL ( J,EMN,FDO,FDL,DFDO,DFDL) 
J , M  : J , E M N  n 
I f  J = 0,  f ( M  ) and f (M,) o n l y :  FDO, FDL 
d f i  
I f  J f 0, t h e n  i n  a d d i t i o n  d f D  - and - 
dMn  dMn 
: DFD0,DFDL 
L 
D n  D 0 
18 3 
i f  M 5 C  
n 1  
[ 7 ( :   5 n  6 
7’n 
C M  
C M + C M  + C )  + 2 C 4 M n  +.;]e + C C  e 
9 n  
8 9  f 
i f  Mn > C1 
i f M  < C  




C M + C  M + C  ) + 2 C l l M n + C  e 
11 n 1 2  n 13  12 - 1 c16Mn 
n I‘ . 
C M  I+ C14C16e 16 n 9 
Remarks : Constan ts  C through C are   found i n  COMMON 
1 16 
Usage:   Cal led by DRAG, PARD, PARST,  SE HPN, PARDMU 
i f  M > C  
n 1 
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Name : SUBROUTINE FLMN( J,  EMN, FL, DFL) 
Input  : j , M n  : J , E M N  
ou tpu t  : f o r  j = o f ( M  ) : FL L n  
d f L 
f o r  j # 0 f L ( M n )  , d~ * . FL,DFL 
n 
Formula( s) : i f M  5 C  
n 1  
i f  M > C1 
n 
Remarks : Constan ts  C and C t o  C found i n  COMMON 
1 17’ 19 
Usage:   Cal led by PARD,DRAG 
6.  Engine 
Name : SUBROUTINE TANDS ( P I  ,THETA,EMN,P,S ,T)  
Input  : n,e,M , p  : PI,THETA,EMN,P and a l s o  B 3  i n  COMMON 
n 
o u t p u t  : s , T  : S,T 
18 5 
Formula( s )  : 
Y 
g,( Mn) g3( T, eT) 
where 
M )( 8 + 273) 
T n 
Remarks : SUBROUTINE GAMMA ( G A " )  i s  c a l l e d   t o   o b t a i n  y (GAMM). 
SUBROUTINE GlG2G3 (EMN,  P I ,  THETAT, G 1 ,  G2, G 3 )  i s  c a l l e d  
t o  o b t a i n  g ( M  ) , g  (T, 8 ) and g3(rr,eT). 
1 n 2 .  T 
Usage:  Fr quent  se  d ring pro ram 
N.B.  S i n c e  a l l  c a l l s  upon SUBROUTINE  PARST a r e  immedi- 
a t e l y  p r e c e d e d  by a c a l l  upon t h i s  s u b r o u t i n e  
(TANDS) , c e r t a i n  q u a n t i t i e s  computed du r ing  TANDS 
a r e   s a v e d   i n  COMMON i n  a r r a y  U ( ) ,  fo r  subsequent , 
( p o s s i b l e )  u s e  by PARST. 
These  a re  
u ( 2 )  = y - 1 
U( 3)  = 8 + 273 
u ( 7 )  = 1 + - y - 1  2 
2 n  
M 
U ( 8 )  = 1 + "- y - 1 M 2 y - 1  ( )Y 
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n 
2 n gl(Mn) 
N a m e  : SUBROUTINE PARST ( J,P,PI,THETA,EMN,FTTH,PSTH, No. 25 
PTMN,PSMN,PTP,PSP,PTPI,PSPI) 
Input  : J , p ,  n, 8,Mn : J ,  P , P I  ,THETA,EMN and a l s o  U( i ) ,  I = 1-10, 
i n  COMMON,  COMMON ( see  Remarks below). 
o u t p u t  : 
a as a as 
ap ap an an I f J f 0 : - , -  - - : PTP,  PSP, PTPI,  PSPI 
a~ as a as a as 
a e ' a e '  a a~ a p ' a p  I f J = O : -  - - - - - : PTTH,  PSTH, PTMN, PSMN, PTP , PSP n n 
Y 
\- 
- =  (1 + -  as 
ap 2 * gl - g3 ; n 
a 
" ae - 
2Y - 1 
as ( 2 = p 1 + y-l M2)' - 1  *3 n 
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1 
+ p?,glg2 (1 + M2)' n - 
Y 
- = p ( l +  as 
aM dM n 
n n 
Remarks : This   sub rou t ine  must be  preceded  by TANDS and DRAG. 
The fo l lowing  subprograms are  used  by  th i s  subrout ine :  
892 h3 
an an (1) SUBROUTINE Pe23PI t o  o b t a i n  - and - 
h 2  h3 
T aeT 
( 2 )  SUBROUTINE Pe23TH t o  o b t a i n  - ae and - 
dgl 
(3 )  FUNCTION DGIMN t o  o b t a i n  - 
n 
dM 
( 4 )  SUBROUTINE  FDOL t o  o b t a i n  FDL. 
Usage : Cal led   wi th  J = 0 by SUBROUTINE  DSTV, and with J f 0 by 
SUBROUTINE RP123 
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Name : SUBROUTINE  GlG2G3( EMN, P I ,  THETAT,   G1,   G2,   G3)  
* a  
1 if glT 
F o r m u l a (  s )  : gl( Mn)  = r l  n 
k g ( a  + a M )  if M > glT 3 n  n 
2 
6 9 10 + alln + a12n ' 
T 20 T 
e2 + a e + aZ1) , if 8 2 kg2g3 




R e m a r k s  : 
gl 
kgl 2 
= GIMNT ( i n  COMMON) ; al = G l A l K  ( i n  COMMON) ; 
kgl 3 
kgl 
a = G l A 2 K  ( i n  COMMON) ; a = GlA3K ( i n  COMMON) ; 
kg2g3 = G2G3K ( i n  COMMON); t h e  coef f ic ien ts  a i n  a r r a y  AG( ) 
i n  COMMON 
i 
U s a g e :   C a l l e d  by SUBROUTINE TANDS 
Name : FUNCTION  DGIMN ( E m )  
Inpu t :  M : EMN 
n 




Formula( s )  : dgl ” p 
dM 
- 
Remarks : g T = GlMNT i n  COMMON 1 
kg l  3 
. a = G1A3K i n  COMMON 
U s  age : C a l l e d  by SUBROUTINE  PARST 
Name : SUBROUTINE  PG23PI(  P I  , T H E T A T ,   G B P I ,   G 3 P I )  
Input : n, eT : PI ,THETAT 
k 2  
an an 
Output : “ : G B P I ,   G 3 P I  
Formula( s )  : + 2 n a  ) + e  ( a   + 2 n a  ) + a + 2 n a  i f  8 2 kg g 
6 T 8  9 11 12 ’ T 2 3  
i f  8 <kg2g3 
T 
19 T 20  T 21 ’ @ ‘ + a  e + a  i f  8 2 kg2g3 T 
22 T 2 3  ’ 8 + a  i f  8 < kg2g3 T 
Remarks : 
kg2g3 
= G2G3K ( i n  COMMON) ; t h e  c o e f f i c i e n t s  a i n  
i 
a r r a y  AG ( ) i n  COMMON 
U s a g e :  Ca l l ed   by  SUBROUTINE  PARST 
Name : SUBROUTINE  PG2  3TH( P I ,  THETAT,  G2TH , G3TH) 
Input : TT, eT : PI ,THETAT 
ag2  ag3 
out put : ” : GBTH,  G3TH aeT aeT 
190 
Formula( s)  : 
+ a  + a n + a n ,  i f  8 2 k g 2 g 3  
2 
% 
7 8  9 T 
+ a  n + a  17 , 2 
13 14 15 
i f  8 < kg2g3 
T 
i f  8 C kg2g3 
T 
Remarks : kg3g3 = G2G3K ( i n  COMMON); t h e   c o e f f i c i e n t s  a i n  
i 
a r r a y  AG ( ) i n  COMMON 
Usage : Called  by SUBROUTINE  PARST 
Name : 
Input  : 
ou tpu t  : 
Formula( s)  : 
Remarks : 
SUBROUTINE DSTV(H,P,V,VS,TXETA,PI,EMN,DSV,DTV) 
h , p , v , v S ,  8, n,M : H,P,V,VS,THFTA,PI,EMN 
n 
d s  dT 
" : DSV, DTV 
dv ' dv 
T h i s  s u b r o u t i n e  u s e s  
(1) FUNCTION  DPH t o  
the  fo l lowing  subprograms:  
o b t a i n  - dP 
dh 
( 2 )  F'UNCTION  DTHH t o  o b t a i n  - d e  
dh 




ov ae ( 4 )  SUBROUTINE mNvTH to o b t a i n  7 and - 
n n 
(5) SUBROUTINE PARST( j, . . .),  with J = 0, t o  o b t a i n  
N a m e  : SUBROUTINE DSTE(H,P,V,VS,THETA,PI,EMN,DSE,DTE) 
Input  : h , p , v , v S )  e,T, M : H,P,V,VS,THETA,PI,EMN n 
output  : - - *  . DSE,  DTE d s  dT 
dE ' dE 
Formula( s )  : 
Remarks : G(g)  found i n  COMMON. Uses the  following  subprograms: 
FUNCTION  DPH f o r  - ; FUNCTION DTHH f o r  - ; dP d e  
dh a" dh 
SUBROUTINE PMNVTH f o r  2 ; SUBROUTINE PARST (0, .. . ) ae 
Usage : Cal led  by SUBROLJTINE  ABANDC 
7 .  Miscellaneous 
~~ ~ ~~~ 
Name : FVNCTION ALT( E, V )  
Input : E,v : E , V  
19 2 
1 2  
2 
g 
E - - V  
Formula( s )  : h(   E ,v)  = 
Remarks : g( G) i s  found i n  COMMON 
Usage : Frequent  use throughout  program.  Referenced  by VSTAR, 
DED J, CHKSTAR 
N a m e  : FUNCTION PHV( V) 
Input  : v : v  
o u t p u t :  
m 
av g 
Formula( s ) :  " 
V " -  
Remarks : g( G )  found i n  COMMON 
Usage:  Referenced  by DDV and DSTV 
Name : SUBROUTINE STAND (H,V,P,THETA,RHO,VS,EMN,EMU,PI,S,T,D) 
Input :  h,v,@,TT : H,V,EMU,PI 
ou tpu t  : p,  8, p,vs,Mn,S,T,D : P,THETA,  RHO,VS,EMN, S ,T,D 
Remarks : T h i s   r o u t i n e   c a l l s   t h e   f u n d a m e n t a l  component sub rou t ines  
PTRVSM,  TANDS , and DRAG 
U s  age : C a l l e d  by VSTAR, JOVEM, DEDJ,  CHCKSTAR 
N a m e  : FUNCTION VNOISE( E) 
Input  : E 
output  : V ( E )  
n o i s e  
19 3 
Formula( s)  : V ( E )  = min {v ',TI, where 7 = B21( 8 - B14 - E * B 1 8 )  ; 
n o i s e  max 
- hsg)  , if E - - v 1 - 2  
2 s  ' hsg 
Remarks : 
Usage : 
, o the rwise  
B19 (B20 + E - B 1 8 ) ,  i f  E < ETEST 
and  where  v -2 S = tB1,, 
The fo l lowing   a r e   found  i n  COMMON: B14,  B17, B 1 8 ,  B19, 
B20, ETEST, HOG ( h o g ) ,  HSG (hsg) THTMAX ( 8 ) ,  B21 
Referenced by VSTAR,  VSELECT 
i f  E 2 ETEST 
max 
N a m e  : FLTNCTION VSELECT ( L,  J,K,E,XMU,PI,MXPO,YLAM,VNEW,VOLD,I,JPTS) 
Input  : A l l  items i n   t h e  argument s t r i n g  
output  : v ,   ou tpu t   a s  VSELECT 
i k  
Formula( s)  : (1) I f  K = 1, v i s  found v i a  FUNCTION  VSTAR, w i t h  h se t  
equal  0. 
( 2 )  I f  K = 2 ,  v i s  found v i a  FUNCTION  VSTAR, w i t h  * A = A ( m  - b ) .  
0 
(3) I f  K = 3, v i s  t h e  minimum of v , v , and t h e  
max n o i s e  
average  of the  va lues  o f  v ( a t  a p a r t i c u l a r  v a l u e  
of b) f rom two  p rev ious  in t eg ra t ion  s t ages .  
Usage: Cal led  by SUBROUTINE JANDE. T h i s   f u n c t i o n   y i e l d s   t h e  
proper  va lue  for  v ,  depending  upon whether  J = 1 o r  2 
( i. e . ,  "letdown" o r  "cl imbout ,  " r e s p e c t i v e l y )  and 
whether K = 1, 2,  o r  3. K i s  set i n  SUBROUTINE  BAKN4TH, 
and it  s p e c i f i e s  a  method  of o b t a i n i n g  v f o r  a p a r t i c u l a r  
s t a g e  o f  i n t e g r a t i o n .  T h i s  f u n c t i o n  VSELECT i s  u s e d  t o  
19  4 
Name : 
Input  : 
ou tpu t  : 
Formula( s )  : 
o b t a i n  v p r i o r  t o  e a c h  c a l l  upon SUBROUTINE DEDJ by SUB- 
ROUTINE JANDE. The q u a n t i t y  L h a s  t h e  v a l u e  0 o r  1. 
L i s  set t o  1 i f  t h e  c a l c u l a t i o n  of  v i s  a t  t h e  m i d p o i n t  
of a n  i n t e g r a t i o n  i n t e r v a l ,  as  determined  by  the  Cl ippinger -  
Dimsdale   technique.   Otherwise L = 0 .  
PVCE ( V , E )  







i f v = 7 ,  - = =  8 
y - 1) /b 
16 
f o r  h < b  = h 
al 4 TROP avc  1 - g hE dh 
8 = K  .L 371. - 
G G  
. w h e r e  - = 
2 3  
h = h  
av 
C 
TROP , - = 
aE 1/ ;; 
Remarks : E q u a t i o n s   f o r  ii and  v a r e   t h e  same a s   t h o s e  i n  VNOISE. 
Equa t ions   fo r   de t e rmin ing   whe the r  8 = G + 273 o r  
a r e  t h o s e  u s e d  i n  VSTAR, and e q u a t i o n s  f o r  v h = h  
a r e  t h e  same as  those  used  i n  VSTAR. 
2 3  
N 
TROP 
U s  age : Used by ABANDC 
19 5 
Name : SUBROUTINE.DJDMU(XMU,EJ,DEJ,H,PI) 
Input  : p : XMU--and from COMMON t h e   q u a n t i t i e s  VMAX and 
DJNUM = v - a  
max 
ou tpu t  : dJ , s t o r e d  i n  DEJ(  1) ; 
dC1 
-
h and IT ( H , P I )   a r e   a l s o   d e l i v e r e d   a s   o u t p u t  
V - a  






- -   
Remarks : h and TT a r e  computed  by SUBROUTINE  HSTAR.  SUBROUTINE 
FTRVSM y i e l d s  p ,  8, p ,  vs,  Mn ( g i v e n  h and vmax).  
SUBROUTINE  TANDS y i e l d s  s ( g i v e n  TT, 8, Mn and p )  
Usage : Called  by SUBROUTINE JOVEFWU 
Name : SUBROUTINE DEDJ ( XMU, PI ,V,EJ,DEJ,S,T,D,H,P,VS,THETA, 
EMN, RHO) 
Input  : p,m,v,F. : XMU,PI,V,EJ(2) 
COMMON m a ,  cos y,  b : EMO, A ,  GAMDRAG, BT 
0) 
o u t p u t s :  - - ; D E J ( 1 )  , DEJ(2) 
dClt dP 
d J  dE 





Remarks : h i s  found  by ALT(E,V) 
s ,  T, D ,  p ,  vs , 8, y I ,  and p a re   found  by STANDD 
(H,V,P,THETA,FWO,VS,EMN,XJIU,PI,S,T,D) 
U s  age : Called  by SUBROUTINE JANDE. The purpose of t h i s  sub- 
r o u t i n e  i s  t o  compute t h e  d e r i v a t i v e s  f o r  t h e  C l i p p i n g e r -  
D imsda le  so lu t ion  of t h e  s y s t e m  o f  d i f f e r e n t i a l  e q u a t i o n s .  
196 
I 
Name : SUBROUTINE ABANDC ( N, P,V,VS ,THETA, PI, EMN, RHO, m, s ,T,  D,  
E,AAA,BBB,CCC) 
Input  : h,p,v,vs,8,1T,M.,.,,p,p,s,T,D,E : H,P,V,VS,THETA,PI,MN,RHO,' 
W , S , T , D , E  
COMMON: m a, cos y, b : EMO,A,GAMDRAG,BT 
0' 
o u t p u t  : A,B,C  : AAA,BBB,CCC 
(T - D)  d s  
d E  s + b ( v  cos y - a )  dE 
0 
+ 2 k - E + ( T - D )  av (;- 
a E  dv s + b(v  cos Y - a )  
( v  cos y - a )  
+ b ( v  cos y - a) 
Remarks : 
Usage : 
+ (b cos y + ?E) 4 - cos y %} a E  
C a l l s  DSTE t o  o b t a i n  - dS dT and - dD DDE f o r  - 
d E  d E  ' d E  ' 
dS 
DSTV f o r  - and - dT DDV f o r  - dD 
dv  dv - dv  
a D  
d V  
PARDMLl for - , and PVE f o r  - C 
ap a E  




Input :  
o u t p u t  : 
CHKSTAR (EMU,OLDMU,E,OLDE,OLDESTR,XJ,OLDJ,OLDBT,PI,OLDPI,AA,B,C) 
OLDE,  OLDESTR,  XJ,  OLDJ,  OLDBT, P I ,  OLDPI 
COMMON: v E" , b : VMAX, ESTAR, BT 
max' 
COMMON : h LTDG, b : XLAMO, LTDG, BT 
0' 
Formula( s )  : A = o  
0 
Remarks : A t  t h e   c o m p l e t i o n   o f   e a c h   s t e p   t h i s   u b r o u t i n e  i s  c a l l e d  
by JANDE i n  o r d e r  t o  tes t  whether E 5 E . I f  E < E", 
L M G  i s  set  zero  (which  causes  JANDE t o  i n t e g r a t e  f u r t h e r ) .  
I f  E 2 Eik,  LTQG i s  s e t  t o  1 (which causes  JANDE t o  s t o p  
i n t e g r a t i n g ) .  F o r  E 2 E , t he   va lue  of P for which 
E = E and t h e  v a l u e s  o f  E ,  J ,  m and b a t  t h i s  v a l u e  o f  
p a r e  o b t a i n e d  b y  l i n e a r  i n t e r p o l a t i o n .  A, B, and C f o r  
t h i s  v a l u e  o f  p a r e  o b t a i n e d  by c a l l i n g  STANDD fol lowed 
by ABANDC. 
i t  
3k 
.It 
N a m e  : 
Input  : 
CRUISE ( E M U , ~ , E M U , Z E E , Z P I )  
* " i t  p,, ki, Ei,  Ti : EMU, ZMU, ZEE, ZPI ( i = 1 , * * . P  m) 
COMMON: v , a : VMAX, A 
max 
Output : COMMON : Eik( p) , b(  @) : ESTAR, EJT 
* 
Formula( s )  : 
S b = -  





Finds  p* from t h e  a r r a y  ZMU s u c h  t h a t  p* < 
and  computes E* ( p) and TT ( b) from in te r -  
NEEDLE NEEDLE 
x- -It. ' -= ' N ~ D L E + I  
p o l a t i o n  o n  v a l u e  s t o r e d  i n  t h e  a r r a y  ZEE and ZPI. 
EMU, ZEE, and ZPI a r e  computed  by JOVERMU. STANDD is 
used t o  o b t a i n  s and  b i s  computed  by the above formula.  it. 
Used t o   s t o r e  E" and b i n  COMMON f o r  u s e  b y  VSTAR and 
ABANDC 
C .  R e s u l t s  
The opt imizat ion program was run  us ing  the  aerodynamics  descr ibed  
by F ig .   28 ;   t he   eng ine   desc r ibed  by Fig.  29  and a = 1.0 ,  a = 1 ,059 ,  
a = -0 .059;   the   a tmosphere   descr ibed   by  h 
1 2 
3 TROP 
= 10, ooom, p = 295 m b a r s ,  
5 TROP 
= -6OOC.  Other   parameters   were m = 3.3 X 10  kg, = 1 .5  X 10  kg, 5 
eTRCP 0 F 
a = 0 ,  TT = 0.01,  h = h = 1000 m ,  v = 150 m / s ,  y = 1.36,  and 
min 0 S 0 
= 226.14OC. I t  was f o u n d  t h a t  t h e  i n i t i a l  g u e s s  i n  b o t h  l e t d o w n  and 
climbout was i n  f a c t  t h e  optimum ( i . e . ,  h2 = 0) ; t h i s  same r e s u l t  was 
o b t a i n e d   i n   s e v e r a l   o t h e r   r u n s   w i t h   d i f f e r e n t   p a r a m e t e r s .  The r e s u l t i n g  
o p t i m a l  t r a j e c t o r i e s  a r e  d i s p l a y e d  i n  F i g s .  1 and  2 i n  the I n t r o d u c t i o n .  
199 
I 
I1 THE SENSITIVITY PROGRAM 
A .  I n t r o d u c t i o n  
Th i s  p rogram embod ies  the  sens i t i v i ty  equa t ions  g iven  in  Pa r t  Four , .  
Sec.  11. Because it was found  by use o f  t h e  o p t i m i z a t i o n  p r o g r a m  t h a t  
A M 0, a s i m p l i f i c a t i o n   c a n   b e  made i n  Eq. (183) f o r  K . Make t h e  
change  of  independent  var iab le  g iven  by E q .  -(165) and l e t  H b e  t h e  
Hamiltonian with change of var i ab le  and  Ho wi thout  and  s imi la r ly  wi th  
f and f o  . From t h e   r e s u l t   h a t  % 0, f = H = 0 ;  t h e r e f o r e  
2 M *  
* * * 
2 V V 
H 
* 
x v  
K M = - Y  * 
H 
vv 
a n d ,   s i n c e  H = 0, 
* 
Z Z Z z 
H = p h + H o h  = H ' h ,  
where z i s  any  var iab le  and  
W 
f 
h =  w - b(  v cos  Y - a >  ' 
f 
I n  p a r t i c u l a r  F,q . (222) i m p l i e s  H Z  = 0. Furthermore,  
H = Ho h + H o h   + H o h   + H o h  
* 
z v  zv z v   v z  Z V  
= Ho h + H o h  . 
ZV z v  
201 
( 221 1 
( 222) 
. " 
There fo re ,  
h 
Ho - 
x h  
+ Ho 
m x v  m 
V 








- ii- \r- w - b ( v   c o s  Y - a)/ 
f  f 
(225 1 
(226) 
Most o f  t he  sub rou t ines  used  by t h e  s e n s i t i v i t y  p r o g r a m  a r e  t h e  same 
as those   used  by the   op t imiza t ion   p rog ram.  LAMBDA, BAKNITH,  PVCE, and 
ABANDC a r e  n o t  u s e d  by t h e  s e n s i t i v i t y  p r o g r a m .  SST c a l l s  JANDE twice 
( for   c l imbout   and   le tdown)   ra ther   than  BAKNQTH. A new o u t p u t  o f  
JOVERMU and input  t o  JANDE is t h e  a r r a y  ZPAR, wh ich  s to re s  a p p  
CHKCONV,  JOVERMV,  DJDMU, JANDE,  DEDJ,   CRUISE,  CHKSTAR have  been  modified 
to i n t e g r a t e  13 a d d i t i o n a l  d i f f e r e n t i a l  e q u a t i o n s ;  p r i m a r y  c h a n g e s  i n  
JOVERMU,  JANDE and CHKSTAR a r e  m o d i f i c a t i o n s  o f  t h e  wr i te  s t a t e m e n t s ,  
and t h e  main  change i n  CHKCONV is  t o  make PE, CE,   PH,   CH,   DP,  DC i n p u t s  
a n d  o u t p u t s  r a t h e r  t h a n  s t o r i n g  t h e m  i n  COMMON. The  changes t o  DJDMU 
and D E W  a r e  more ex tens ive  and  a re  desc r ibed  be low a long  w i t h  SEN1,  
SENSB, TOTLS and PRTLS,  which a r e  e n t i r e l y  new r o u t i n e s .  
TRLlP 
B .  Great ly   Modif ied  Rout ines  
Name : DJDMU (XMU, E J ,   D E J ,   H ,  P I ,  PBTI'T,  E,  S ,  T ,  D, P ,  V S ,  THETA, 
EMN, RHO) 
Inpu t  : p,  J ,  s e n s i t i v i t i e s ,   t : XME, EJ(1), E J ( 3 ) - E J ( 1 4 ) ,   E J ( 1 5 )  
2 02 
Output: 
DEJ(11,  DEJ(3)-DEJ(14),  DEJ(15), H ,  PI, PBTTT, E, S ,  T, D, 
P , VS , THETA, EMN, RHO 
Formula(s) : 
- same as before dJ 
db 
dJ 0 
- = - 1 K  X S I i 
dU  i  Mi 1 
1 2  
E = g h + " v  
0 2 max 
- = l/s dt 
dCL 
db " -  - ' H  
"T 2 8  b 
Remarks : JU and J 2 are  the  sensitivities  to  relative  errors  in  the 
i i 
U 
measurement X . H and PI are found  by HSTAR.  The  remainder 
M 
i 
of the outputs, H K K1 S S and S are computed by 






Ca lled  by JOVERMU 
DEW (XMU; PI, V, EJ, DEJ, S ,  T, D, H, P, VS, THETA, EMN, RHO) 
p, n, v, E, J, sensitivities,  t : XMU, PI, V, EJ(1), EJ(2), 
i 
EJ(3)-EJ(14),  EJ(15) 
COMMON: m , a, cos Y, E , b,: E m ,  A, GAMDRAG, ESTAR, BT * 
0 
THETA,  EMN, RHO 
203 
. . "  
Formula ( s)  : 
- and - as b e f o r e  d J  dE 
dCL dP 
dJ  = K .  XM S 





d t  
dP 
” - l/s 
Remarks : ALT is c a l l e d  to  f i n d   h ,  t h e   r e m a i n i n g   o u t p u t s  K S and 
i’ 1’ 
S are found  by   ca l l ing  SENSP. 
2 
Usage:  Called  by JANDE 
C .  New Subrou t ines  
Name : 
I nput  : 
o u t p u t  : 




Input  : 
o u t p u t  : 
SENSl (EMU, H,  V ,  P I ,  THETA, P ,  RHO, VS, EMN, S, T, D, EK, S1, 
S2, EK1, S3, HTH) 
p, h, v,  n: EMU, H ,  V ,  P I  
COMMON: b : B 
1 6   1 6  
e, p,  P ,  vs, M ~ ,  s, T, D ;  K, SI, s 2 ,  KI, s3, H : 0 
THETA, P ,  RHO, VS, EMN, S, T, D, EK, S1, S2, EK1, S3, HTH 
See Sec.  2 o f  P a r t  F o u r .  
STANDD i s  ca l led   to   f ind   the   a tmospher ic ,   ae rodynamic ,   and  
e n g i n e   v a r i a b l e s .  PRTLS followed  by TQTLS are c a l l e d  t o  
compute  de r iva t ives  of t h e  Hamil tonian,  
Cal led by DJDMU 
SENS2 (EMU, H ,  V, P I ,  THETA, P ,  RHO, VS, EMN, S, T, D, EK, 
SI, S 2 )  
p, h ,   v ,  v: EMU, H,  V, P I  
8, P ,  P ,  vs, Mn, s ,  T, D, K,  S1, S2: 
THETA, P ,  RHO, VS, EMN, S, T, D, EK, S1,  S2 
204 
Formula(s) :  (See  Pa r t  Four ,  Sec .  11) 
Remarks : Same as  f o r  SENSl 
Usage : Called by DJDE 
N a m e  : TOTLS  (EMU, H,  V, THETA, P , RHO, EmT, s , T , D, . . . , HM, Hv , 
H P ,  J'N) 
Inpu t  : p, h, v ,  8, p,  P, Mn, s ,  T, D, necessa ry  par t ia ls ,  JTG: 
EMU, H ,  V ,  THETA, P ,  RHO, EMN, S, T, D, . . . , JTG 
Output : H x ' Hv'  p H : HM, HV, HP 
M 
Formula ( s ) :   (See   Pa r t  4 ,  Sec.  1 1 )  
JTC = 0 imp l i e s   Cru i se  
JTG = 1 implies  Climbout or letdown 
Remarks : Computes d e r i v a t i v e s  of t h e   H a m i l t o n i a n   w i t h   r e s p e c t   o  
measurement  and c o n t r o l s .  
Usage : Called  by SENSl and SENSB 
Name : PRTLS (V, H,  THETA, P ,  RHO, VS, . . . ) 
Input  : V , h , e , p , p , v :  V , H ,  ~ , P R H O , V S  
S 
o u t p u t  : P a r t i a l   d e r i v a t i v e s   n e e d e d  by TOTLS: ... 
Formula(s)  : (See   Pa r t   Four ,   Sec .   11 )  
Remarks : Computes p a r t i a l   d e r i v a t i v e s   g i v e n   i n   T a b l e  VII .  
Usage : Called  by SENSl and SENS2 
1. - 
D. R e s u l t s  
The same case t h a t  was run  wi th  the  opt imiza t ion  program was wi th  
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SOME ELEMENTARY  THERMODYNAMIC  RELATIONS 
D e f  i n i  t i o n s  
The c h a n g e  i n  i n t e r n a l  e n e r g y  du of a u n i t  mass of g a s  e q u a l s  t h e  
hea t  added  minus  the  ex terna l  work  done  by  the  gas ,  i .e . ,  
du = dq - dw 
= d q - p d v  , 
where 
q is the  hea t  added  
w is t h e  e x t e r n a  1 work done 
p is t h e  p r e s s u r e  
v is t h e  s p e c i f i c  volume. 
The enthalpy h of a u n i t  mass of  gas  is d e f i n e d  a s  
h = u + p v  , 
T h e r e f o r e ,   u s i n g  Eq. ( A - 1 ) ,  
I -  - 
dh = du + p dv + v dp 
= d q + v d p  . (A-3) 
T h e  s p e c i f i c  h e a t s  a t  c o n s t a n t  v o l u m e  a n d  p r e s s u r e  a r e  d e f i n e d  a s  
c V = (2) 
V 




8 is the   abso lu t e   t empera tu re .  
Since for  a p e r f e c t  g a s  u = u p )  and  pv = R e ,  where R is t h e  g a s  c o n s t a n t ,  
i t  f o l l o w s  t h a t  
a U  ae de du = 
and 
so t h a t  
Therefore   f rom E q s .  ( A - l ) ,  ( A - 3 ) ,  and ( A - 5 ) ,  
c = ($ - " du 
V de 
V 
Also from Eq. (A-2) b y  d i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  8, 
dh du d . .  
i .e.,  
C 
P 
c + R  
V (A-7) 
I s e n t r o p i c  P r o c e s s  w i t h  P e r f e c t  Gas 
. ~~- ~ 
F o r  a n  i s e n t r o p i c  p r o c e s s ,  dq = 0 and  the  change  in  in t e rna l  ene rgy  
is s i m p l y  e q u a l  t o  t h e  work  done  by t h e  g a s ,  i .e . ,  
dh = v dp , 
T h e r e f o r e  
a  nd 
8 dv 
v de R 
C 
"- V - -  
(A-10)  
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Assuming t h a t  c and c a r e   c o n s t a n t s   a n d   d e f i n i n g  
P V 
C 
y = - '  P 
C 
V 
Equat ions  (A-10) y i e l d  
pv = c o n s t a n t  Y 
1 
$i) 
ve = c o n s t a n t  
Y 
Pe = c o n s t a n t  . 
(A-11)  
(A-12) 
Acoust ic  Speed and Mach Number 
The re fo re  
Then f o r  a p e r f e c t  g a s  t h e  Mach number is  





S t e a d y  I s e n t r o p i c  Flow of a P e r f e c t  Gas 
Conserva t ion  of e n e r g y  i m p l i e s  t h a t  t h e  h e a t  s u p p l i e d  p l u s  t h e  work 
done  on  the  gas  minus  the  ex te rna l  work done by the gas must  equal  the  
i n c r e a s e  i n  i n t e r n a l  e n e r g y  p l u s  t h e  i n c r e a s e  i n  k i n e t i c  e n e r g y ,  i .e.,  
dq - ( p  dv + v dpj  - dw = du + V dV 
or 
d q - d w  = d h + V d V  = C  d t + V d V  . (A-16) 
P 
F o r  a n  a d i a b a t i c  flow with no external  work,  dq = dw = 0 a n d  t h e  o n l y  
energy  changes  are   f rom  enthalpy to k i n e t i c  e n e r g y  or v ice   versa .   Then  





h + - = c o n s t a n t  
By i n t e g r a t i n g  Eq. (A-6 )  f o r  h, 
(A-17) 
2 




Total   (Stagnat ion)   Condit ions  
Consider  i sentropic  flow between  an i n i t i a l  s t a t e  w i t h  n o n z e r o  
v e l o c i t y  to a f i n a l  s t a t e  w i t h  z e r o  v e l o c i t y .  The temperature and pres-  
s u r e  a t  t h e  f i n a l  s t a t e  a r e  c a l l e d  t h e  t o t a l  c o n d i t o n s  e , p of the   gas .  
From E q s .   ( A - 1 8 )  and (A-12)  
* *  








A DESCRIPTION OF AN ELECTROMECHANICAL  FLIGHT  DIRECTOR SYSTEM 
T h i s  a p p e n d i x  d e s c r i b e s  t h e  b a s i c  s p e c i f i c a t i o n s  o f  t h e  B e n d i x  FD-60 
F l igh t   D i rec to r   Sys t em  and  its re la ted   components .  18 
The b a s i c  e l e c t r o m e c h a n i c a l  f l i g h t - d i r e c t o r  s y s t e m  d i s p l a y s  t h e  
f o l l o w i n g  i n f o r m a t i o n :  
Roll a t t i t u d e  
P i t c h  a t t i t u d e  
Gl ide - s lope  dev ia t ion  
L o c a l i z e r  d e v i a t i o n  
Roll command 
P i t c h  command 
Speed command 
Crab  angle  
Radar a l t i t u d e  







F l igh t -d i r ec to r  warn ing  
S l i p  i n d i c a t o r .  
1. C r u i s e  Mode o f   O p e r a t i o n  
P i t c h  a t t i t u d e  i s  d i s p l a y e d  by t h e  d i s p l a c e m e n t  o f  t h e  a t t i t u d e -  
h o r i z o n  s p h e r e  a g a i n s t  t h e  a i r c r a f t  f i x e d  r e f e r e n c e .  The r e f e r e n c e  p o i n t  
f o r  r e a d i n g  t h e  p i t c h  d i s p l a c e m e n t  i s  a c i r c u l a r  d o t  l o c a t e d  a t  t h e  c e n t e r  
o f  t h e  a i r c r a f t  f i x e d  r e f e r e n c e .  Freedom of   t he   s e rvo -d r iven   sphe re   abou t  
t h e  p i t c h  a x i s  is a f u l l  360'. 
R o l l  a t t i t u d e  is d i s p l a y e d  by  a movable  index and f ixed reference 
marks. I t  i s  a l s o  shown by  not ing  the  angular  d i sp lacement  be tween the  
a i r c r a f t  f i x e d  r e f e r e n c e  a n d  t h e  v e r t i c a l  c e n t e r l i n e  o f  t h e  p i t c h  a t t i t u d e  
2 19 
.... . .. . . -. . - . ." . . . " 
g r a d u a t i o n s  o n  t h e  s p h e r e .  The sphe re  is servo-dr iven   and   has  a f u l l  
360' of  f r eedom abou t  t he  r o l l  axis.  
A c o n v e n t i o n a l  b a l l - t y p e  s l i p  i n d i c a t o r  l o c a t e d  a t  t h e  bottom of t h e  
i n d i c a t o r  f a c e  i n d i c a t e s  l a te ra l  a c c e l e r a t i o n .  J u s t  below t h e  s l i p  meter 
i s  a movable  ra te -of - turn  index  and  s ta t ionary  scale t h a t  p r o v i d e s  t u r n -  
ra te  in fo rma t ion .  
I n t e g r a t e d  p i t c h  a n d  r o l l  s t e e r i n g  commands are p resen ted  by  the  
p i t c h  a n d  roll command bars, r e l a t i v e  t o  t h e  a i r c r a f t  f i x e d  r e f e r e n c e .  
To s a t i s f y  a command, t h e  p i l o t  f l i e s  t h e  a i r c r a f t  f i x e d  r e f e r e n c e  t o  
a l i g n   w i t h   t h e   m o v a b l e  command b a r s .  When n o t  r e q u i r e d ,  t h e  command 
d i s p l a y  may b e  d r i v e n  o u t  o f  s i g h t .  
2 .  Approach Mode of Opera t ion  
I n  approach mode, l o c a l i z e r  d e v i a t i o n  is  i n t e g r a t e d  w i t h  v e r t i c a l  
f l i gh t -pa th  dev ia t ion  and  is  p resen ted  in  th ree -d imens iona l  fo rm by d i s -  
placement of t h e  g a t e  d i s p l a y  f r o m  t h e  a i rc raf t  f i x e d  r e f e r e n c e .  
The g a t e  d i s p l a y  c o n s i s t s  o f  t w o  i n t e r s e c t i n g  l i n e s  t h a t  s i m u l a t e  
t h e  i n t e r s e c t i o n  o f  a l o c a l i z e r  beam and a g l ide - s lope  beam. Alignment 
o f  t h e  a i r c r a f t  f i x e d  r e f e r e n c e  w i t h  t h e  g a t e  d i s p l a y  i n d i c a t e s  p e r f e c t  
p o s i t i o n i n g   o n   t h e   a p p r o a c h   p a t h ,  A t  some s p e c i f i c  a l t i t u d e ,  d e p e n d i n g  
o n  t h e  a i r c ra f t  c h a r a c t e r i s t i c s ,  l o c a t i o n  of t h e  a i rc raf t  dot anywhere 
w i t h i n  t h e  c i r c l e  i n d i c a t e s  t h a t  t h e  a i r c r a f t  is w i t h i n  s a f e  limits for  
the  approach .  
The l a t e ra l  a n d  v e r t i c a l  m o t i o n s  o f  t h e  g a t e  d i s p l a y  a r e  c o n t r o l l e d  
b y  s e r v o - d r i v e n  g e a r  t r a i n s .  When t h e  i n d i c a t o r  is  u s e d  i n  t h e  c r u i s e  
mode, t he  ga t e  symbol  is d r i v e n  l a t e r a l l y  o u t  of v i e w  b e h i n d  t h e  r o l l  
a t t i t u d e  d i a l .  The v e r t i c a l  movement of the   ga t e   symbol  is comple te ly  
i n d e p e n d e n t  o f  t h e  p i t c h  a t t i t u d e  m o t i o n  of t h e  a t t i t u d e  s p h e r e .  
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Two t r a n s i l l u m i n a t e d  r i n g s  are mounted f l u s h  i n s i d e  of t h e  g a t e  d i s -  
p l a y .  When t h e  o u t e r  r i n g  is i l l u m i n a t e d ,  minimum d e c i s i o n  a l t i t u d e  i s  
i n d i c a t e d .  When t h e  i n n e r  r i n g  i s  i l l u m i n a t e d ,  f l a r e  i s  i n d i c a t e d .  
R a d a r  a l t i t u d e  i s  d i s p l a y e d  by a crosshatched ground symbol  that  
moves v e r t i c a l l y  o v e r  a r ange  o f  ze ro  t o  200 f e e t  a l t i t u d e .  A t  a l t i t u d e s  
o v e r  200 f e e t ,  t h e  s y m b o l  i s  d r i v e n  o u t  o f  s i g h t  a n d  s t o r e d  i n  t h e  lower 
p o r t i o n   o f   t h e   i n s t r u m e n t .  A t  z e r o   a l t i t u d e   i n d i c a t i o n ,   t h e   g r o u n d  
symbol i s  a l i g n e d  w i t h  t h e  b o t t o m  o f  t h e  a i r c r a f t  f i x e d  r e f e r e n c e .  
Crab-angle / ro l l -out  in format ion  i s  d isp layed  by  a ba r  i ndex  moving 
l a t e r a l l y  a g a i n s t  a f i x e d  s c a l e  t o  i n d i c a t e  d i r e c t i o n  a n d  amount o f  
l a t e r a l  d i s p l a c e m e n t .  The d i r e c t i o n  and  magnitude a re   de r ived   f rom  the  
angu la r  e r ro r  ex i s t ing  be tween  the  a i r c ra f t  head ing  and  the  se l ec t ed  
r u n w a y   h e a d i n g .   T h i s   d i s p l a y   h a s   p o t e n t i a l   a p p l i c a t i o n   i n   p r o v i d i n g  
s t e e r i n g  r o l l - o u t  i n f o r m a t i o n  a f t e r  t h e  a i r c r a f t  h a s  t o u c h e d  down on 
t h e  runway  and i s  complet ing i t s  r o l l  o u t .  The c rab -ang le  d i sp l ay  i s  
capab le  of be ing  d r iven  ou t  o f  v i ew when n o t  r e q u i r e d .  
3. Components 
The f l i g h t  d i r e c t o r  is composed of the  fo l lowing  f ive  components :  
(1) Horizon   and   Di rec tor   Ind ica tor  
(2) Course   Dev ia t ion   Ind ica to r  
(3) Fl igh t   In s t rumen t   Ampl i f i e r  
(4) Fl ight   S teer ing   Computer  
(5) Cont ro l   Pane l .  
The fo l lowing  i s  a b r i e f  d e s c r i p t i o n  o f  t h e  f u n c t i o n  o f  e a c h  o f  t h e s e  
e l emen t s .  
The Horizon  and Director I n d i c a t o r  ( H D I )  d i s p l a y s  a i r c r a f t  a t t i t u d e  
i n   r o l l  and p i t ch  th rough  a c o n v e n t i o n a l  t y p e  o f  a r t i f i c i a l  h o r i z o n .  
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Gl ide  s lope ,  expanded  loca l i ze r ,  and  speed command a re  each  d i sp layed  by 
a  moving bar t h a t  i s  r e a d  a g a i n s t  a f i x e d  s c a l e .  When n o t  i n  u s e ,  t h e s e  
b a r s  a r e  b i a s e d  o u t  o f  v i e w .  I n t e g r a t e d  p i t c h  a n d  r o l l  s t e e r i n g  commands 
a re  p re sen ted  on  a s p l i t  command b a r .  
The command b a r  i s  p o s i t i o n e d  by s i g n a l s  from t h e  f l i g h t  s t e e r i n g  
c o m p u t e r ,   r e l a t i v e   t o  a f i x e d   a i r c r a f t   r e f e r e n c e .  To s a t i s f y  a command, 
t h e  p i l o t  f l i e s  t h e  f i x e d  a i r c r a f t  r e f e r e n c e  t o  a l i g n  w i t h  t h e  movable 
command b a r .  When t h e  command ba r  i s  n o t  i n  u s e ,  i t  i s  a u t o m a t i c a l l y  
r e c e s s e d   o u t  of s i g h t .  The i n s t r u m e n t   t h e n   f u n c t i o n s   s o l e l y   a s  a remote 
a t t i t u d e  r e f e r e n c e  i n d i c a t o r .  
I l l u m i n a t e d  a n n u n c i a t o r s  i n d i c a t e  t h e  a c t i v e  mode of o p e r a t i o n .  
Each o f  t h e s e ,  when n o t  e n e r g i z e d ,  a p p e a r s  a s  b l a c k  m a r k i n g s  on a b l ack  
background. 
T h e r e  a re   f i ve   warn ing   f l ags ,   one   each   fo r   gy ro ,   compute r ,   g l ide -  
s l o p e   i n d i c a t o r ,   l o c a l i z e r ,  and  speed command or r a d a r   a l t i m e t e r .  These 
s i g n a l s  i n d i c a t e  a m a l f u n c t i o n  i n  t h e  sys tem.  
The Course Deviat ion Indicator  (CDI)  provides  a p i c t o r i a l  p r e s e n t a -  
t i o n  o f  a i r c r a f t  d i s p l a c e m e n t  r e l a t i v e  t o  VOR r a d i a l s ,  l o c a l i z e r ,  and 
g l ide-s lope  beam. I t  a l s o  g i v e s  head ing   r e fe rence   w i th   r e spec t   t o  mag- 
n e t i c  n o r t h .  
The p i l o t  selects t h e  d e s i r e d  VOR r a d i a l  by r o t a t i n g  t h e  bea r ing  
s e l e c t o r  on t h e  i n s t r u m e n t ;  t h e  VOR r a d i a l  i s  then  d i sp layed  i n  d i g i t a l  
form by  a coun te r  on  the  f ace  o f  t h e  u n i t .  A c o u r s e  c u r s o r  i s  simul- 
t a n e o u s l y  p o s i t i o n e d  t o  i n d i c a t e  t h e  selected cour se  on  the  compass  d i a l  
i n  r e l a t i o n  t o  a i r c r a f t  h e a d i n g .  A t o - f r o m  i n d i c a t i o n  d i s p l a y s  t h e  r e l a -  
t i o n s h i p  o f  t h e  a i r c r a f t  t o  t h e  s e l e c t e d  r a d i a l .  
Heading i s  d isp layed  on  the  outer  az imuth  r ing  of  the  compass  card .  
Riding with this  compass  card i s  a t r i a n g u l a r - s h a p e d  c u r s o r  p o s i t i o n e d  
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by  manual r o t a t i o n  o f  t h e  h e a d i n g  knob loca ted  on  t h e  in s t rumen t .  Th i s  
e s t a b l i s h e s  a m a g n e t i c  r e f e r e n c e  f o r  t h e  f l i g h t  s t e e r i n g  c o m p u t e r ,  similar 
t o  t h e  course  output ,  and  is u s e d  i n  p r e s e l e c t - h e a d i n g  and va r i ab le -ang le  
cap tu re  o f  t h e  ILS. 
Other d i s p l a y s  are t h e  course-devia t ion  needle  and  t h e  g l ide - s lope  
need le .  The c o u r s e  d e v i a t i o n  n e e d l e  i n d i c a t e s  l a te ra l  and a n g u l a r  d i s -  
placement   of  t h e  a i r c r a f t  from t h e  p r e s e l e c t e d  c o u r s e .  P o s i t i o n e d  b y  
s igna l s  f rom the loca l izer /VOR radio  rece iver ,  t h e  n e e d l e  r o t a t e s  with 
t h e  compass d i a l  and the course  cursor ,  and  i s  p a r a l l e l  t o  the cour se  
c u r s o r  and i t s  r e c i p r o c a l .  The g l ide - s lope   need le   i nd ica t e s   d i sp l acemen t  
of a i r c r a f t  from t h e  g l ide - s lope  beam. P o s i t i o n e d  by s i g n a l s  f r o m  t h e  
g l i d e - s l o p e  r a d i o  r e c e i v e r ,  t h e  needle  moves i n  a h o r i z o n t a l  p l a n e  and 
d o e s  n o t  r o t a t e  w i t h  changes i n  compass heading. 
I n  t he  e v e n t  o f  a n  u n r e l i a b l e  c o m p a s s  i n d i c a t i o n ,  t he  cour se  c rank  
i s  pul led  out   (emergency  mode) .   This   disconnects  the compass  servo  sys- 
tem and pe rmi t s  manua l  ro t a t ion  o f  the compass card and the  c o u r s e  c u r s o r  
r e l a t i v e  t o  t h e  v e r t i c a l  a x i s  o f  t he  i n s t r u m e n t  w i t h o u t  d i s t u r b i n g  t h e  
p r e s e l e c t e d  c o u r s e  s e t t i n g .  T h i s  a l l o w s  c o n t i n u e d  u s e  of the data from 
the  r a d i o  a i d s ,  d i s p l a y e d  i n  a c l e a r l y  i n t e r p r e t a b l e  manner. 
The F l igh t  In s t rumen t  Ampl i f i e r  con ta ins  the e lec t ronics  equipment  
r e q u i r e d  t o  a m p l i f y  t h e  a t t i t u d e ,  h e a d i n g ,  and command signals t o  o p e r a t e  
the   se rvomechanisms  in  the HDI and the C D I .  I n  a d d i t i o n ,  i t  c o n t a i n s  
in - l ine  se rvo  mon i to r s  t h a t  sense  t h e  t r a c k i n g  a c c u r a c y  o f  t h e  servoed 
i n s t r u m e n t  d i s p l a y s  with r e s p e c t  t o  their  i n p u t  s e n s o r s .  
Servo  ampl i f ie rs ,  on  modular ized ,  p lug- in  cards, p rov ide  the  o u t p u t s  
f o r  p o s i t i o n i n g  t h e  compass card on the  CDI and the  r o l l  and p i t c h  a t t i -  
tude and command on t h e  H D I .  Fa i lu re  o f  any  one  ampl i f i e r  component w i l l  
no t   cause   s e rvo - sys t em  f a i lu re .   A l so ,   i nd iv idua l  power s u p p l i e s  are 
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p r o v i d e d  f o r  h e a d i n g ,  a t t i t u d e ,  and command d i sp lays ,  t o  p reven t  ma l func -  
t i o n  i n  o n e  c i rcu i t  f r o m  a f f e c t i n g  t h e  o t h e r  c i r c u i t s .  
The o v e r a l l  s y s t e m  l o g i c  f o r  t h e  w a r n i n g  f l a g s  makes u s e  of t h e  
s e r v o  i n - l i n e  m o n i t o r i n g  i n  c o n j u n c t i o n  w i t h  t h e  m o n i t o r i n g  of such  input  
r e fe rence  sys t ems  as t h e  c o m p a s s ,  t h e  v e r t i c a l  g y r o ,  and t h e  n a v i g a t i o n  
r e c e i v e r s .  
The F l i g h t  S t e e r i n g  Computer is t h e  h e a r t  of t h e  f l i g h t - d i r e c t o r  
system. I t  combines   compass   head ing ,   a t t i t ude ,   a l t i t ude ,  and n a v i g a t i o n  
r e c e i v e r  d a t a  i n t o  computed r o l l  and p i t c h  command s i g n a l s .  The  computer 
c o n t a i n s  t h e  l o g i c ,  s h a p i n g ,  a n d  g a i n  s c h e d u l i n g  c i r c u i t r y  t o  p r o d u c e  t h e  
o u t p u t  s i g n a l s  t h a t  p o s i t i o n  t h e  command bar  on the Horizon and Director  
I n d i c a t o r .  The  modes provided by the   computer   a re :  
Head ing   s e l ec t ion  
Variable-angle   capture   of   local izer /VOR 
Automatic  glide-slope  ngage 
Go-around  (programmed f o r   f i x e d   p i t c h - u p  and  wings-level command, 
o r  f o r  s p e e d  command in fo rma t ion  computed  by auxi l ia ry  equipment )  
A l t i t u d e   h o l d  
P i t c h   a t t i t u d e  command. 
The log ic  a s soc ia t ed  wi th  ac t iva t ion  o f  t he  compute r  warn ing  f l ag  
and the  so l eno id -he ld  mode s e l e c t o r  s w i t c h e s  i s  i n c o r p o r a t e d  w i t h i n  t h e  
compute r .  In t e r locks  a re  p rov ided  fo r  u se  wi th  the  mode s e l e c t o r  s w i t c h  
t o  c r o s s  c h e c k  t h a t  t h e  c o m p u t e r  i s  programmed t o  t h e  s e l e c t e d  mode. 
The l o c a l i z e r  and g l i d e - s l o p e  f l a g  c i r c u i t  o u t p u t s  a r e  a l s o  m o n i t o r e d .  
A f a i l u r e  i n  e i t h e r  n a v i g a t i o n  r e c e i v e r  r e s u l t s  i n  t h e  a p p e a r a n c e  o f  t h e  
computer  warning f lag,  when o p e r a t i n g  i n  t h e  l o c a l i z e r  o r  g l i d e - s l o p e  
mode.  System l o g i c  is a r r a n g e d  t o  i n t e g r a t e  t h e  v e r t i c a l  g y r o  and  compass 
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sys t em in - l ine  mon i to r ing  w i t h  the  computer  and  f l igh t  ins t rument  ampl i -  
f i e r  w a r n i n g  s e n s o r s ,  t h u s  p r o v i d i n g  a n  e x t e n s i v e  c h e c k  a s  to t h e  opera- 
t i o n  of t h e  i n s t r u m e n t  d i s p l a y s .  
Limiters, smoothing of t h e  VOR d i sp lacemen t  s igna l ,  ga in  schedu l ing  
of the l o c a l i z e r  a n d  g l i d e  s l o p e ,  a u t o m a t i c  d r i f t  ( c r o s s w i n d )  c o r r e c t i o n ,  
and automatic  mode s w i t c h i n g  a s s o c i a t e d  w i t h  local izer /VOR and gl ide s lope 
a r e  i n t e g r a t e d  with t h e  l o g i c  c o n t a i n e d  i n  the  computer. 
" h e  C o n t r o l  P a n e l  c o n t a i n s  t h e  c o n t r o l s  by which t h e  p i l o t  c a n  s e l e c t  
t h e  modes o f  ope ra t ion  o f  the system. The u n i t  c o n s i s t s  0.f the fo l lowing  
i t ems :  mode s e l e c t o r  switch, a l t i tude-hold   swi tch ,   and  mode l i g h t  c o n t r o l s .  
The mode s e l e c t o r  s w i t c h  is r e a d i l y  a c c e s s i b l e  t o  t h e  p i l o t  and pro- 
v i d e s  f o r  t h e  following  modes: OFF, GO AROUND, HDG ( s e l e c t  h e a d i n g ) ,  
VOR/LOC, GS AUTO ( g l i d e  s l o p e  with au tomat i c  cap tu re ) ,  and  GS MAN (manual 
o v e r r i d e  of a u t o m a t i c  g l i d e  s l o p e ) .  
Go-around mode is s e l e c t e d  either by r o t a t i n g  t h e  mode s e l e c t o r  t o  
GO AROUND o r  by momenta r i ly  dep res s ing  a  d i sconnec t  bu t ton  usua l ly  lo- , 
cated  on t h e  con t ro l  whee l .  The l a t t e r  method a u t o m a t i c a l l y  moves t h e  
mode s e l e c t o r  s w i t c h  t o  the  GO AROUND p o s i t i o n .  
The a l t i t ude -ho ld  swi t ch  enab le s  t h e  p i l o t  t o  m a i n t a i n  t h e  a l t i t u d e  
of the  a i r c r a f t  a t  t h e  t i m e  the  switch i s  engaged. Computed commands t o  
the  Hor izon  and  Direc tor  Indica tor  w i l l  p ic tor ia l ly 'command a c l imb  o r  
d ive  maneuver  necessary  to  main ta in  t h i s  a l t i t u d e .  
L. 
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STANDARD JET-TRANSPORT ENGINE INSTRUMENTATION 
Aircraft e n g i n e  i n s t r u m e n t s  a r e  r e q u i r e d  o n  a l l  a i r c r a f t .  A l t h o u g h  
the  FAA h a s  established minimum requ i r emen t s  fo r  eng ine  in s t rumen ta t ion ,  
n e a r l y  a l l  a i r c r a f t  g r e a t l y  e x c e e d  these minimums. The fol lowing  para-  
g r a p h s  b r i e f l y  d e s c r i b e  c o m m e r c i a l l y  a v a i l a b l e  e n g i n e  i n s t r u m e n t s  a n d  
t he i r  basic f u n c t i o n s .  
The fo l lowing  r anges  and  accu rac i e s  r ep resen t  t he  a v e r a g e  i n s t r u -  
menta t ion  per formance  for  j e t  t r a n s p o r t  a i r c r a f t .  Accuracy  and  cost  of 
s e n s o r s  must be e v a l u a t e d  i n  d e t a i l e d  t r a d e - o f f  s t u d i e s .  
1. Fuel  Flow Meter 
The f u e l  f l o w  meter was d i s c u s s e d  i n  t h e  body o f  t h e  r e p o r t .  
2 ,  Exhaust Gas Tempera tu re   Ind ica to r  
The exhaus t  gas  tempera ture  ins t rument  is  composed of  a chromel-alumel 
thermocouple attached t o  t he  e x i t  n o z z l e  of t he  a i r c r a f t  e n g i n e .  A co ld  
r e f e r e n c e  j u n c t i o n  and a n  a m p l i f i e r  a r e  r e q u i r e d  t o  d r i v e  p i l o t  d i s p l a y s .  
The response speed of thermocouples  var ies  wi th  their  d e s i g n  c h a r a c t e r -  
istics and wi th  the i r  p l a c e m e n t  i n  t h e  gas  stream. The response  times 
may vary from 5 seconds to 30 seconds for f u l l - s c a l e  d e f l e c t i o n ,  a c c o r d -  
i n g  t o  t h e  o v e r a l l  s y s t e m  d e s i g n  c h a r a c t e r i s t i c s  and c o s t .  Range  and 
accu racy  a re  
Range Accuracv 
\ 0 t o  l0OO0C S ° C  
200 t o  7OO0C f 5 O C  . 
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3. P e r c e n t  RPM Meter 
The pe rcen t  RPM i n s t rumen t  is  simply  a  tachometer.  Because  of  very 
h i g h  t u r b i n e  s p e e d s ,  t h e  i n s t r u m e n t  is c a l i b r a t e d  i n  terms of  pe rcen t  
maximum design  speed.  The sensor  pick-up is gene ra l ly  loca t ed  on  the  
p o r t i o n  o f  t h e  e n g i n e  t h a t  r o t a t e s  more s lowly  than  the  tu rb ine .  Fo r  
example ,  t he  ro to r  on  the  eng ine  gene ra to r  is a n  e x c e l l e n t  c a n d i d a t e .  
The r e s p o n s e  o f  t h i s  i n s t r u m e n t  is v e r y  r a p i d ;  for most  sensors  i ts  
response  time is about  5 seconds.  I t  should be n o t e d  t h a t  t h e  response  
of t h e  e n g i n e  t o  a s t e p  c h a n g e  i n  t h r o t t l e  p o s i t i o n  i s  of t h e  same  magni- 
tude.  Range  and accuracy  are -
Range 
0-110 pe rcen t  
50-110 pe rcen t  
90-110 pe rcen t  
4 .  O i l  Temperature Gauae 
Accuracy 
50.4 percen t  
S . 4  percen t  
M.25 percen t  . 
The o i l - t empera tu re  senso r s  may be of e i t h e r  t h e  r e s i s t a n c e  b u l b  
type  o r  t he  the rmocoup le  type .  The response  of the  bulb  thermometers  
i s  a lmost  ins tan taneous ,  whereas  response  for  the  thermocouple  i s  n e a r l y  
5 seconds.  The r e l i a b i l i t y  o f  t h e  b u l b  is much h i g h e r  s i n c e  a m p l i f i e r s  
and r e f e r e n c e  j u n c t i o n s  a r e  n o t  r e q u i r e d .  The r e s i s t a n c e  b u l b  thermom- 
eters, however,  have l i m i t e d  range .  Range  and a c c u r a c y   a r e  
Range  Accuracy 
-50 t o  +150°C f2O c 
0 t o  16OoC s o c  . 
5. O i l  P r e s s u r e  Gauge 
The o i l  p r e s s u r e  gauge i s  u s u a l l y  a s imple diaphragm pressure-  
s e n s i t i v e  d e v i c e .  Where t h e  p r e s s u r e  s o u r c e  i s  very  remote  from t h e  
2 30 
r -  
i n s t r u m e n t  d i s p l a y ,  i t  i s  n e c e s s a r y  t o  u s e  a p r e s s u r e - t r a n s m i t t i n g  d e v i c e .  
T h i s  d e v i c e  c o n v e r t s  t h e  p r e s s u r e  s i g n a l  t o  a n  e l e c t r i c a l  s i g n a l  t h a t  i s  
a m p l i f i e d   a n d   t r a n s m i t t e d   t o   t h e   c o c k p i t   d i s p l a y .  Range  and  accuracy  are 
Ranee Accuracv 
6. 
0-100 p s i g  fi p s i g  
20-100 p s i g  f2 p s i g  . 
Genera tor  Vol tage  Meter 
The o u t p u t  o f  t h e  v o l t a g e  g e n e r a t o r  i s  measured with a v o l t m e t e r .  
I n  c e r t a i n  i n s t a n c e s  t h e s e  s i g n a l s  must a l s o  b e  t e l e m e t e r e d  t o  t h e  c o c k -  
p i t  b e c a u s e  of t h e  d i s t a n c e  f r o m  t h e  s o u r c e .  Range  and  accuracy  are 
Range 
10-35 V 
7 .  t ienerator   Current  Meter 
Accuracy 
s . 2 5  V . 
An ammeter,  which may a l s o  r e q u i r e  t e l e m e t r y ,  i s  used  to  measure  
g e n e r a t o r   c u r r e n t .  The  range  and  accuracy  are 
Range 
0-450 A 
8. Hydrau l i c   P re s su re  Gauge 
-~ 
Accuracy 
* . 5  A . 
A p re s su re - sens i t i ve  d i aphragm dev ice  is used ,  a long  wi th  a pressure-  
t r a n s m i t t i n g  d e v i c e ,  t o  c a r r y  t h e  i n f o r m a t i o n  f r o m  t h e  s o u r c e  t o  t h e  d i s -  
p l a y .  Range  and  accuracy  are 
Range 
0-5000 p s i g  
Accuracy 
k50 p s i g  . 
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9 .  Turbine-Inlet   Temperature  Gauge 
The tu rb ine - in l e t  t empera tu re  the rmocoup le  p l acemen t  r equ i r e s  ve ry  
s p e c i a l  a t t e n t i o n .  The h o t   i o n i z e d   g a s  from the   combustor   causes   severe  
no i se  and  b i a s  p rob lems ,  wh ich  a re  due  t o  t h e  e x c e s s  o f  e l e c t r o n s  i n  t h e  
v i c i n i t y   o f   t h e   t h e r m o c o u p l e   p r o b e .   S p e c i a l   c a l i b r a t i o n   a n d   s h i e l d i n g  
are r e q u i r e d   f o r   r e l i a b l e   m e a s u r e m e n t s .  Range and   accu racy   a r e  
Range Accuracy 
0-looooc so 
10. Exhaus t  Pressure  Rat io  Gauge 
The o i l  p r e s s u r e  gauge i s  u s u a l l y  a s imple diaphragm pressure-  
s e n s i t i v e   d e v i c e .  Where t h e   p r e s s u r e   s o u r c e  i s  very  remote  f rom  the 
i n s t r u m e n t  d i s p l a y ,  i t  i s  n e c e s s a r y  t o  u s e  a p re s su re - t r ansmi t t i ng  de -  
v i c e .  T h i s  d e v i c e   c o n v e r t s   t h e   p r e s s u r e   s i g n a l  t o  a n  e l e c t r i c a l  s i g n a l  
t h a t  i s  a m p l i f i e d   a n d   t r a n s m i t t e d   t o   t h e   c o c k p i t   d i s p l a y .  Range  and 
a c c u r a c y  a r e  
Range Accuracy 
1-2 d imens ionless  f . 5  p e r c e n t  . 
11. F u e l   P r e s s u r e  Gauge 
The o i l  p r e s s u r e  gauge i s  u s u a l l y  a s imple diaphragm pressure-  
s e n s i t i v e  d e v i c e .  Where t h e   p r e s s u r e   s o u r c e  i s  very  remote  f rom  the 
i n s t r u m e n t  d i s p l a y ,  i t  i s  necessa ry  t o  u s e  a p re s su re - t r ansmi t t i ng  de -  
v i c e .  T h i s  d e v i c e  c o n v e r t s  t h e  p r e s s u r e  s i g n a l  t o  a n  e l e c t r i c a l  s i g n a l  
t h a t  i s  a m p l i f i e d   a n d   t r a n s m i t t e d   t o   t h e   c o c k p i t   d i s p l a y .  Range  and 
a c c u r a c y  a r e  
Range Accuracy 
Dependent   on   type   o f   ue l   feed  * .5  p e r c e n t  . 
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1 2 .  Ou t s ide  Air Tempera tu re   Ind ica to r  
~ ~~ ~ 
The o u t s i d e  a i r  t empera tu re  gauge  ( f r ee  a i r  t he rmomete r )  i s  u s u a l l y  
o f   t h e   b i m e t a l l i c - s t r i p ,   d i r e c t - r e a d i n g   t y p e .  The f a c t  t h a t  t w o  d i s -  
similar metals h a v e  d i f f e r e n t  e x p a n s i o n  rates w i t h  r e s p e c t  t o  tempera ture  
v a r i a t i o n s  i s  used t o  r e g i s t e r  t e m p e r a t u r e .  Two s t r i p s  o f  m e t a l  are 
welded t o  form a c o i l  s p r i n g .  One end is anchored ,   and   t he   o the r  i s  
a t t a c h e d  t o  t h e   i n d i c a t i n g   h a n d .  The pick-up  (probe)  i s  l o c a t e d  i n  t h e  
€ree a i r s t r eam  and  t h e  d i a l  f a c e s  t h e  p i l o t .  Range and   accuracy   a re  
.- Range Accuracy 
-50 t o  +5OoC S 0 C  . 
13. T h r o t t l e   S e t t i n e :   I n d i c a t o r  
A l i n e a r   p o t e n t i o m e t e r  i s  used t o  m e a s u r e   t h r o t t l e   s e t t i n g .  The 
range  and  accuracy  are  
Range 
0-75' 
1 4 .  Total   Temperature  
Accuracv 
rto.5 pe rcen t  . 
The t o t a l  t e m p e r a t u r e  i s  d e f i n e d  a s  t h e  tempera ture  of the a i r  
en te r ing  the  compresso r  of  t h e  e n g i n e  i f  i t  were i sen t rop ica l ly  expanded  
t o  z e r o   v e l o c i t y .  The e q u a t i o n   d e s c r i b i n g   t h i s   t e m p e r a t u r e  i s :  
N o  d e v i c e  y e t  e x i s t s  f o r  m e a s u r i n g  t h i s .  
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15. Engine  Temperatures 
Engine  tempera tures  are measured  wi th  var ious  types  of thermocouple 
j u n c t i o n s .  A c o l d  r e f e r e n c e  j u n c t i o n  a n d  a m p l i f i e r  may be r e q u i r e d  t o  
d r i v e   p i l o t   d i s p l a y s .   S e n s o r   l o c a t i o n s   a n d   m o u n t i n g   t e c h n i q u e s  are 
spec i f i ed   by   t he   eng ine   manufac tu re r s .  The range   and   accuracy  are 
Range  Accuracy 
0 t o  looooc S 0 C  . 
16.  Ram A i r  Temperature 
The ram a i r  t e m p e r a t u r e  i s  t h e  t e m p e r a t u r e  o f  t h e  a i r  e n t e r i n g  t h e  
engine   compressor .  A thermocouple or  r e s i s t a n c e  b u l b  may be   used   as  a 
sens ing   dev ice .   S ince   t h i s   measu remen t  i s  n o t  now made, range  and  ac- 
curacy  of the  con templa t ed  in s t rumen t  are unknown. 
17. Vibrat ion  Monitor  
The e x a c t  d e s i g n  of t h i s  d e v i c e  h a s  n o t  y e t  b e e n  f i x e d .  
18. O i l  F i l t e r   P r e s s u r e  
The p r e s s u r e  a t  t h e  o i l  f i l t e r  e x i t  i s  measured with a diaphragm 
pres su re - sens ing   dev ice .  Range  and  accuracy are 
Range 
0-60 p s i g  
Accuracy 
fi p s i g  . 
19. O i l  B r e a t h e r  P r e s s u r e  
The v e n t  p r e s s u r e  t o  t h e  a t m o s p h e r e  i s  measured with a diaphragm 
pressure  gauge.  Range and  accuracy are 
Range 
0-16 i n  Hg 
Accuracy 
s . 5  p e r c e n t  . 
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20 .  Scavenge  and Chip  Detector 
A d e s c r i p t i o n  of t h i s  i n s t r u m e n t  c o u l d  n o t  be o b t a i n e d  w i t h i n  t h e  
time frame o f  t h i s  s tudy .  
21. Recording  Equipment 
Ex tens ive  ma in tenance  and  f l i gh t  data are recorded con t inuous ly  
d u r i n g  a i r c r a f t  o p e r a t i o n .  The recorded v a r i a b l e s  are g e n k r a l l y  more 
a c c u r a t e  t h a n  d i s p l a y e d  i n f o r m a t i o n  s i n c e  data  can  be recorded d i r e c t l y  
f rom senso r  ampl i f i e r s .  A t  p r e s e n t  da ta  are recorded   on   magnet ic   t ape  
for f u r t h e r  p r o c e s s i n g  o n  l a n d i n g .  On-board j e t - t r a n s p o r t  data  p rocess ing  










EXACT FDRMS OF i! AND ii 1 2 
From E q s .  (20) to (271, 
The p r e s e n c e  o f  
p re sence  may be 
From E q s  . 
A 
= A; = f ( x , u , t )  - f ( x  0 0  , U  ,t) + w(t) 
A T T A 
= (AxAxT) = Ax(t) + BIAx (t) + Q(t )  . (D-2) 
A 
t h e  term Q is r equ i r ed  because  w( t )  is white noise. Its 
shown r i g o r o u s l y  by u s e  o f  t h e  I t o  c a l c u l u s .  
(30) (D-1lJ and (D-21, 
x fi(x , u  ,t) + Ho& + H'[(K + A K ) &  + Au] 0 0  
X U 
+ "tr {Ho + 2H0 [ K ( P  + fl + AK( 6 + p") + AuAGT] 1 
2 xx xu 
+ Ho [K(P + 2 F  + P)K + 2KA;AuT + 2K(P + P" + FT + p )  AK " T  A T  
uu 
+ 2t r@CPf  ( x  ,u ,t) + (P  + P ) K  f U ( x  ,u , t )  "T o o - -T T T  o o 
X 
+ ( p  + P )AK f U ( x  , U  , t )  + &Au f ( X  , U  ,t) + 311. (D-3 )  .vT T T  o o T T  o o 1'L 
U 
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NOISY  MEASUREMENTS AND DISCONTINUITIES IN THE DERIVATIVES 
OF THE HAMILTONIAN 
For g (  x" , uo , t) = 0, the term &li mus t  be added to 8 as defined 
1 1' 
i n  Eq. (32) where 
A -O 
A a l  = [% + H 1 K  + A K I ]  A: + H A U  N 
X U U 
1 -  O N  
0 
+ - Ho A Z 2  + ( 2Pfu + Ho ) A%u+ % A U  -2 
2 xx xu  uu 
0 
N 
H 4 2 lim [ H  ( k , x o  + c , u o , t )  - H ( h , x o  - c , u 0 , y ) l  







K =  " 0 
t h e n  H + H IK\ = 0, and A i i  = nu,   and  0 = KPK . Let  A K  = yK; t h e n  Y T g A  2 A T  
X U U 








SONIC BOOM AND STRUCTURAL  CONSTRAINTS 
First consider  the  constraint  on  the  total  temperature: 
e * s e  . 
MAX 
For h 2 h from E q s .  (18)  and (125) ,  
TROP ' 
e* = e (1 + y-l M 2 )  
TROP 2 n  
1 Y - 1  v 
2 
= e  + - . - . -  
TRDP 2 Y R '  
Combining E q s .  (F-1) and (F-2) yields 
For h .S h 
TROP ' 
2 
+ k  - h ) ]  + 2" e* = [ e  1 y -  1 v 
Y R  TRDP LPS (hTROP 
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and  combining  Eqs. (F-1) and (F-4) y i e l d s  
Now c o n s i d e r  t h e  c o n s t r a i n t  t h a t  t h e  SST be a b o v e  g i v e n  a l t i t u d e s  
s u b s o n i c a l l y   a n d   s u p e r s o n i c a l l y .   F i r s t  note  t h a t  a t  t he   t ropopause   an  
SST t r a v e l i n g   a t  Mach 1 has   ene rgy  E given  by 
TROP 
I f  E > E  t h e n  an  SST t r a v e l i n g  a t  Mach 1 w i l l  h a v e  v e l o c i t y  i ( E )  
t h a t  o b e y s  
TROP S 
I f  E < E  t h e n  a n  SST t r a v e l i n g  a t  Mach 1 w i l l  have a v e l o c i t y  i (E)  
t h a t  o b e y s  
TROP S 
G2( E) = 
S 
'yR ceTROP LPS TRDP 
+ k ( h  - h ) ]  
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Hence for E < E TROP 
Let 
otherwise (F-10) 
Then v < v '  implies that h > ho f o r  M 2 1 and h > 11 fo r  hl > 1. 
n 0 n 
The above constraints can be summarized by 
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